ME 361 Turbulence

Instructor: Ali Mani
Lecture 1. Introduction
» Notations
1. xyz-coordinate, uvw-coordinate. x; and u; to denote each component.

2. Governing equation: Incompressible Navier-Stokes equation
ou ou Ju Ju 1dp u
—+ +v—+ = +=
at dx ay 0z pox p
d(pw;) 4 o (puyu;) __Op 0%y,

ot ax, ax,  Haxox,
Du—au+ Vu = 1V +“V2
Dt gr T WVuT TP T VY

3. Relation symbols
a. Proportional: A « B, not exactly matching dimension
b. Scale: A ~ B, proportional and dimensions match, only need a O (1) pre-factor
to turn the relation into equality
c. Almost equal: A = B, dimensions match and their ratio is close to 1

Example: Stagnation pressure p,

1
Po — Poo X vozo: Po — P ~ ,017020, Po — P = Epvozo

»  Characteristics of turbulence

¢ Vortices / 3D vortical structures ¢ Irregular (chaotic, “random”)

¢ Wide range of scales (small and large eddies)

¢ Mixing of mass, momentum, heat

¢ Dissipation (turbulence needs energy from shear / buoyancy / body forces to sustain)
Much faster dissipation for turbulent processes than laminar processes

¢ Continuum phenomenon
Small turbulent eddies 0(10 um) > Mean free path of molecules ~ 60 nm
Average distance of molecules in the air is 4 nm (calculated from density)

[We do not see individual molecule within eddies, but see a continuum]



¢ Large Reynolds number, highly nonlinear (dominant advection term in NS eqn.)

pUL UL
Re=—=—>1, ul > v
u v

with u is eddy velocity and [ is eddy size

Example: Flow over a cylinder at Re = 10* with diameter D
pUD

104 ‘./"_—’"
u ( ch 9:@
Turbulent wake appears behind the cylinder \.’_\

¢ Sources of differences in realizations (d) Re~1000

a. Experiment: Initial conditions and environmental perturbations
b. Simulation: Similar variability [e.g., (a+ b) + ¢ # a + (b + ¢) computationally]

¢ Statistics are reproducible for different realizations

T
1 - 2 —gr — ...
= fimz) w®de, ==, W =,

u, u?, u3 are flow statistics

¢ SEM: Statistical error of the means, obtained from several realizations

Uy, + 1y, + -+ 1 STD(u
aestim — T1 T2 Tn ) SEM — ( )

n Vn

Note: STD(#) « STD(u,,)

95% confidence level is 1.96 X SEM based on Gaussian distribution from central

limit theorem

Reakizafion, 2




Lecture 2. Introduction

» Introduction to turbulence theory: Statistical theory

¢ Ideas for turbulence theory is inspired by kinetic theory of gases

Kinetic theory

Turbulence theory

Target system

Averaged flow over molecular motions

Laminar flow

Averaged flow

WS ’—@-—-
Underlying physics Chaotic molecular dynamic (M.D.) Chaotic flow, N.S. eqn. (high Re)
N -
AN T/
] NI
Reduced model Navier-Stokes equation Not available
Obtain isotropic molecular viscosity: vy, 4y, | RANS framework
Turbulent viscosity v, not isotropic
Why works / not work | - Separation of scales between M.D. (mean - No separation of scales, eddies

free path) and size of pipe
- Chaos is in equilibrium: Maxwell

distribution of M.D. velocity

are as large as cylinder diameter D

- Chaos is non-equilibrium

¢ Useful insights obtained from analogy to kinetic theory

Prediction of scaling laws, order of magnitude of behavior

» How turbulence is triggered (Flow instability )

¢ Example: Kelvin-Helmholtz instability
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¢ Other instability: Karmann instability (interaction between both shear layers)
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¢ Other instability: Rayleigh-Benard instability, significant impact on heat transfer

un?exhxrl)eo(, sfctem.
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Plow th‘gh

¢ Picture of instability

Instability — Large eddies — Secondary instabilities — Smaller eddies — Even

smaller eddies — Viscous dissipation

2D instability — 3D instability — Turbulent spots — Fully developed turbulence

» Video: Space developing shear layer with weak inflow turbulence
¢ Kelvin-Helmholtz instability

¢ Vortex stretching



Lecture 3. Random walk
» Mixing as a laminar flow concept (random walk)

. e T, '/\'

IS YA
Molecules diffuse due to Brownian motion. Consider the diffusion of tracer particle.
Follow one particle released at origin, displacement Ary, Ar,, ... between adjacent collisions
Very irregular and not repeatable process, so we study the statistics
(r(t)) denotes average over many realizations (ensemble average)

(r@)=(ux=0,t=0))-t
For stagnant fluid
u=0- (ri)=0

Higher-order statistics:

(r@® -r©) = (x?) + (y*) +(z*) = R?

For isotropic fluid
(r(t) - (1) = 3(x?)
< \/<u<‘> —>
Calculate this characteristic length scale:
(x2) = ((Axy + Axy + -+ + Axy)?) = (AxZ) + -+ + (Axy Axy) + -

The diagonal terms become n{Ax?), and independency indicates zero off-diagonal terms

(x2) = n(Ax?) = nliy, Lew =+ (Ax?)
With n(At) = t, and the length of random walk l,,. Now we define the velocity of random

walk, and we obtain

lRW
Ugw = (A_t>' <x2> = lzzew : (A_t) = lRWuRWt' Xrms X \/E

This indicates the size of the spherical cloud is proportional to v/t

> Connection to continuum diffusion

acC
- =DV, C(t=0)=6()

The shape at later time is a spreading Gaussian function



For this process we have

1% , I, x*cav .
(x )—N;xi(t) @ —ﬂjvx Clx) dv

The final step uses the initial § (x) distribution of C(x) and conservation of particles

Integrating the PDE over space gives

atm 2cdv = Dm dv+foxz < —dy)dxdz+foxzx2<L327§dz>dxdy
ol 5 =0 [« [ 251
o [[[2ca -2

The first step uses zero boundary conditions at infinity, and then keeps integration by part
(Ax?)

(Btgy)

For gas dynamics, ugzy ~ a (speed of sound), lzy, ~ [ (mean free path), D ~ al

dydz

9]
E(XZ) = 2D, <x2) = 2Dt, 2D = lRWuRW =

Example: For air at atmospheric condition

a =340 m/s, | = 68 nm, al = 2.3 x 1075 m?/s, v=15x10"°m?/s

Example: Heat transfer in a room. Heater at one end, and the room widthisL =5 m

Without turbulence, the diffusion time is

2

=—=6.6%X10°s ~
t D 6.6 X 10°> s ~ 8 days

In reality, u # 0 is chaotic

» Connection to turbulence

A phenomenological model for turbulent mixing

DT ~ ueddyleddy

Consider the heater is 10 K hotter than initial temperature, so the density is 3% less. The
buoyant acceleration is ~ 0.03g = 0.3 m/s?. Over 10 cm, Upq4, ~ 0.24 m/s, and average in

the room u ~5cm/s.
eddy



Consider that large eddy contributes more important for mixing. Largest eddy can have the

room size, sO legqy ~ 5m, Dy ~ 0.25 m?/s. Turbulent mixing gives the time scale
L2

t=ﬂ=505

Ratio of mixing rate is the Reynolds number

DT _ ueddy leddy _

Re
Dy v

The other interpretation is the ratio between inertial and viscous forces

Low Re indicates that before eddy forms, Brownian motion will smear out all perturbations



Lecture 4. Scaling of semi-parallel flows for jets

» Laminar case
¢ Free shear flows: waves, jets, shear layers

Example of wake: Instantaneous VS Average pictures

s — ) >—
=033 03—

Study 6 (x) and AU (x)

¢ Jets (U, = 0), Round jet
Semi-parallel with § < x. Study §(x) and AU (x)

ET”_,X t

Al ) oo

N L =% r

¢ Scaling analysis for laminar and steady flow

N
-

X-momentum equation is

For scaling analysis:

é
v,z ~34, V~W~ AU; (from continuity V- u = 0)

So we have
(AU)? § AU p AU AU p




To estimate pressure, we need y-momentum equation
ov  0v ov 1o0p 0%v  9%v  0%v
6x+ 6y+WE= _;_)@+V6x2+v6y2+vazz
This scales to

——tv—Ftv—,~——F+tv— — ~ max

x? po x3 x6 po x6’

)

(AU)?S p AUS AU p AU p {(AU)262 vAU}
x? x

So the pressure term is either much smaller than advection or the viscous term, it can

be neglected. Into the x-momentum equation, we have

(AU)?> AU
X v 02

¢ This scaling relation simplifies governing equation for semi-parallel flows

6u+ 6u+ 6u~ V2
uax vay waZ—vlu

This equation works for jets, shear layers, wakes. For plumes, the buoyancy force

needs to be included

¢ Seek a power law solution
AU < x™, 0 x x"

From scaling relation, we have
VX
AU’

We still need one more constraint, and it will be from constant momentum deficit

52 X2 o x1Tm 2n=1—-m

¢ Mass continuity
If we assume constant axial flow rate, net flow rate is about §>AU « x°, and

then 2n + m = 0, but in fact this does not hold. This is due to entrainment of the radially

inward flow.




¢ General momentum conservation equation including body force (see Handout)

¢ Constant momentum deficit
H pu(u — Uy) dydz = const « x°
yz
For a round jet with U, = 0
HpuzdS ~ p(AU)?6% x x°, m+n=0
s
For a 2D jet with U, = 0

HpuzdS ~ p(AU)?8 « xO, 2m+n =20
s

» Turbulent case (averaged velocity field)

¢ Phenomenological governing equation
_Odu _Odu _odu

ug-l‘va—yﬁ'WE = VTVil_l

¢ Scaling analysis
_ou 0%u (AU)? AU

UaNVTa—yz, vT~ueddyleddy~AU6, ~AU5'F, 0 ~x
Term / Momentum balance 2D planar jet (n = —2m) 3D round jet (n = —m)
2 1
= — = —— n= 1’ m= —1
, "=y mMET3
Laminar (2n =1 —m)
2 1 ~ ~Z
§~x3, AU ~x73 §~x AU
1
n=1,m:—z n=1 m=-1
Turbulent (n = 1) 1 1
§~x, AU ~— §~x AU ~—
) x x
_— /h
/
/
/
K/’
-\

virtal, -~ Y
origin Self - cmilor



Lecture S. Scaling of semi-parallel flows for wakes
» Recap Lecture 4

For semi-parallel flows, the dominant balance for a laminar flow is
ou ou ou 5
ua+v@+w£ =~vViu
Phenomenologically (not rigorous governing eqn.), for a turbulent flow we have
_odu _Odu _o0u

u£+va—y+WE = VTVil_l

Seek the following scaling solution:
Au o< x™, O X x™
(Note: If n > 1, then the semi-parallel assumption is violated)

We need term balance:
_du 0%u
Yax T VT gy

with global conservation analysis

VT ~ AU5

» Data analysis for jets
Given velocity field in space and time, calculate
Au(x) =u(x,y =0,z =0)

Obtain the virtual origin based on
1
— a —
Ay XX %o

Then check if the velocity profiles collapse by plotting relationship of these two variables

and u(x,z=0) - (x —xg)

X — XO
» Scaling analysis of wakes Uoo
¢ Global balance (momentum deficit) —
—_—
ﬂu(u — Uy)dS = const.
Since U, ¢ x% and AU o x™, then Uy, — AU « 0(Uy) >
For 2D case: ‘

ﬂu(u—Uoo)dA~UooAU60cx°, m+n=0
s



For 3D case:

ﬂu(u—Uoo)dA~ U,AUS?% o x9, m+2n=0
s

¢ Term balance (advection in y, z direction can also be neglected)

For laminar flow:

AU AU )
Uo— "~V 0° X x, 2n=1
x é
For turbulent flow:
U AU AUS AU AU 1 1
o~ e — X, m=n-—
X 52 d x
Term / Momentum balance 2D wake (m +n = 0) 3D wake (m + 2n = 0)
_ 1 _r_
. n=g, m=-3z n=g, m=
Laminar (2n = 1)
1 1
§~+x, AU ~— 5 ~+x, AU ~=
Vx x
_1 _ 1 _1 _ 2
n=g, m=-z n=gz, m=-g
Turbulent(m =n—1)
5~ AU ~— 3 -3
’ Jx 6 ~x3, AU ~x"3

» Data analysis for wakes
Investigate term balance, estimate turbulent eddy viscosity (nearly a constant)
_ou 0%u
U—~Vp—
ax T oy?
Influence of Reynolds number (molecular viscosity), compare vy and vy,
For 3D turbulent wake, at very large distance the local Reynolds number (Re o« AU§) is

small and becomes laminar



Lecture 6. RANS equations
» Recap Lecture 5
Approximate PDE: Example for steady heat transport equation
00, 00, 06 oo 00 0%
0x y z ox dy?

» Reynolds averaged N-S equation

¢ RANS: PDE governing averaged fields

Smooth fields, often steady, sufficient for most applications

m = Cp ()

Counterexamples (taking the mean cannot study these topics): Noise in
aeroacoustics, unstable modes, aero-optics, combustion
¢ Systematic derivation of RANS

a. Start with NS eqn.

ou; ou; N o(wu)  10p 0%u;

) ——+v
0x; Jt 0x; p 0x; 0x;0x;

Other form of momentum balance

aui+ du; 100 06+ 2uS S 1 aui+au,-
ot ujaxj_paxi' 9ij = TR0y T CHSuy U 2\0x | ax

b. Reynolds decomposition: Mean + Fluctuations
u(x,t) =U; +u;
The mean can be time average or ensemble average
t+T

Ui = ﬁi = lim = ul-dt, Ui = (ul)

T—oo ¢

Tek - R}
TII7\ - ’/'utv'?o,{'/D " ’_-_b
e I e

~




Jet is “statistically time stationary” means statistics do not depend on t,., and thus we

have (u;) = ;. One counterexample is a decaying turbulence (iig = 0 for large T)

ue
RZ

R
ol b

c. Apply averaging on NS eqn.

o) _ 0w dww) _ 10(p) | 0%w)
p 0x; 0x;0x;

4 equations with primary 4 unknowns: (u;), (p). Additional unknowns: (u;u;)
(wiwy) = (udw) + (wiw))
d. Substitute into RANS eqn.

o(u;) N A ((uj)wy)) _ 10Ty
ot 0x; P 0x;

_ 1 o) o)
_§< 0x; * 0x; )

Tij = —(p)8yj + 2u(Sij) — pluwjui), Sy

The stress tensor includes mean pressure, viscous stress, Reynolds stress
e. Statistically stationary case

o(mu;) _ 10p %% dwu;

» Turbulence closure problem

RANS is exact but unclosed. Need turbulence models
(wiwj) = fi;()
Phenomenological model discussed in Lecture 4 & 5 is one option
—(uju;) = 2vr(S;;)
This model is local: turbulent flux can be calculated from local gradient of mean flow. In

reality the process can be non-local.



» Example: turbulent channel flow

W U
— HL
X

Lominox Taxbulenty

RANS equation is

ou*> od(uv) J@uw) 10p ,_ ou'u’ ouv ou'w’
+ + = ———+ VW — —~ —~
d0x dy 0z p 0x d0x dy 0z

Under homogeneous assumption, we get an ODE in y-direction

0 1aﬁ+ 0’u  ou'v'
=~ Toox Vayr T Tay

The pressure gradient force is not a function of y due to homogeneity
Velocity fluctuations scale to Uy ~ 5 — 10% U, vys ~ 1 — 5% U. Although this
fluctuation is small, but the contribution is still larger than v,,, and mixes in the y-direction

much more efficient than molecular diffusion



Lecture 7. RANS-type equations for multi-physics problems
» Recap Lecture 6

ou;)  I({ujXw;)) 10 . a(u;)
pm + ((;xj )=;a_xi[_<p)6ij+2.U<Sij)_p<ujui)]; :

0x =0

» Example: Turbulent channel flow

Fixed mean pressure gradient

p ou
~x 2h =21, =2u 3y -
’\3 ACf =.GN/'!2'PVZ
e
T
>X
Lawninar Tarbulent

RANS equation for turbulent channel flow

0= 1aﬁ+ 0?u  ou'v'
=~ Toox  Vayr oy

Turbulent velocity scales: Uymg , Vyms ~ 0 —10% U

» Revisit scaling of 3D turbulent jet
_ou 027 (AU)? AU
u£~vTa—yZ, VT"'AU(S, ~AUS - — 6~x

62’
Note that VTI~ 0.14U - 6, and § < x. However, the contribution from turbulent mixing

is still much larger than the contribution from molecular viscous stress

The meaning of u’v’ is the correlation between u’ and v’ in the channel

A ™'
— : _
- /o \ T N-wV
—s / Wv'<O N

—>

LTef - h, U’ref = V TW/,D; TTef = Lref/UTef



» Rayleigh-Benard convection

ou 1

—+ @ -Nu=——"p+vViu+ gpT
at Po

aT

E+(u-l7)T=a|72T, V-u=20

Boussinesq approximation: ST = p/p, with thermal expansion coefficient 8

Special case of infinite parallel plates

y-momentum equation

Temperature evolution

oT o(u;T
or , 9GyT) = aV?T
->1
» Electro convective chaos
Dimensionless governing equations
K
0=-Vp+ \72u+ng Small Re, LHS =0

—eV-E=p, V-u=20
dc
at
p = [Na*] — [CI7], ¢ = [Nat] + [C]]

9]
—'D+u-|7p+|7-(cE)=|72p,

5t +u-Vc+V-(pE)=V?c

RANS equation will lead to additional unknowns such as u;c’, p'E;/



Lecture 8. Statistical symmetry and homogeneity

»  Statistical symmetry

Eqns and B.C. remain invariant to mirroring of domain along a coordinate

Transformation: x,, = —x,, U, = —U,

Implication: (-) = 0 for quantities that change sign due to this transformation

»  Statistical homogeneity
Eqns and B.C. remain invariant to translation along a coordinate
Transformation: x,, = x,, + [

Implication: 9{:)/dx,, = 0

» Navier-Stokes equations
¢ Symmetric and homogeneous for all 3 spatial coordinates
¢ Homogeneous with time

¢ Important to check boundary conditions

» Example: Fully developed turbulent channel flow
BC. u=v=w=0aty=0,2h

Background pressure gradient

dp Ap N dp’
ox AL ox
Governing equations
ou; ou; Ju; 10
—L =0y, —l+uj—l=———p+vV2ul
0x; Jt 0x; p 0x;
¢ z-direction symmetry
Physics intuition Symmetric transform
w=w w=-w
u'w' =u'w’ u'w' = —-u'w’

¢  x,z-direction homogeneity: 9(-)/dx = 9(:)/dz =0

Implication
w=20
u'w' =0



¢ x-direction is not symmetric
dp Ap N dp’ dp  Ap N dp’
dx AL 9x’ 9% AL 0X

¢ y-direction is not homogeneous, but is symmetric at centerline

ou'u’

ou -
v(y =h) =0, @(y=h)=0, u'v'(y =h) =0, (y=h)=0

¢ Continuity: Homogeneity in x, z gives dv/dy = 0, and with B.C. we have v = 0

» Example: Rayleigh-Benard convection
¢  x,z-direction: Symmetric and homogeneous

¢ y-direction: Not symmetric and not homogeneous

» Example: Stoke’s first problem
¢ B.C. upqre = UH(t). This problem is not symmetric and not homogeneous in time

¢ x-direction: Not symmetric, but homogeneous

¢ y-direction: Not symmetric and not homogeneous

¢  z-direction: Symmetric and homogeneous: w = w’v' = w'u’ =0, 9(:)/dz =0
¢ Simplified RANS equation (with continuity giving v = 0)

ou  0*u ouv’
ot ayz ay

» Example: Fully developed 3D round jet

at+;—(ruru)+ (ugu)+—x ——= ")t 22 T2

pax rﬁ

ou 10 10 ou? 16p ll 0 ( au) 10%u 0%u
¢ O-direction: Symmetric and homogeneous, ug = 0, 9(:)/d0 =0
¢ 1, x-direction: Not symmetric and not homogeneous

¢ Simplified RANS equation (no external pressure gradient)

6W+1 0 (r 2T
0x ror rurd

_odu _ ou va( au)
h or




Lecture 9. Turbulence closure
» Recap
For turbulent jet, the eddy is nearly circle in xy-plane (i.e. Uyps ~ Vrms). But for
turbulent channel flow, eddy is elongated in the stream-wise direction (i.e. Uyns > Vyms)
On the wall we have instantaneous zero velocity: u = v = w = 0. Besides, continuity
equation gives dv/dy = 0. But du/dy # 0 and has a large gradient.
RANS equations are unclosed. For example, Rayleigh-Benard convection has 5 eqgs. and

5 standard unknowns (i, 7, w, 0, p) and unclosed terms like 8'v’

» Boussinesq approximation (locality and isotropy)

Based on analogy between molecular mixing and turbulent mixing

EE e P

Model the unclosed term with

_ ou
—u'v' = Ay v’ 3y’ vr ~ Ay v/, m. f. p.is mean free path
In general, with major assumptions of locality and isotropy
T ou; 0y, 1-—
—UuU; = Vvr a—x] + a—xl - §ukuk5ij

A problem of the first term: The trace of Reynolds stress is 2 TKE (which is positive),
while the trace of velocity gradient is the divergence (which is zero). The variance (e.g. u'u’)

should be further captured by turbulent pressure term, which can be absorbed into pé;;.

For scaling with sound speed in the air, u'u’ ~ a? ~ yRT, which is related to pressure.

» Example: Mean parallel flow

Boussinesq approximation gives lLLﬂ)
7 = vy O >0
u'v' =vp 3y

Mechanism of sustaining u'v’ < 0 is tilting & stretching (3D).



=[5, 0 O], 5 = diag(s, s, 0)

A 5>0 4 ﬁ
NZata
/ \s<o

Consider the stress only have non-zero S, there will be stretching along 45° direction.

Vortex stretching also indicates u'v’ < 0.

»  Prandtl mixing length model (for parallel and semi-parallel flows)

This models the eddy velocity based on mean velocity gradient

] ] 6ﬁ|
Vp ~ U , u ~ —
T eddy ‘eddy eddy eddy ay
So the turbulent viscosity is written based on the mixing length [,
ou
vp =12 —|
T m ay

Mixing length is analogous to mean free path when interpreting viscosity, and is different
for different flows
¢ Mixing length model for 2D jets 6 1 -IIc,

Define § based on the half center-line velocity

L (x) = C6(x)
with dimensionless pre-specified constant C. Now the RANS equation for 2D planar

jet is now closed

_ou

+_aa_a[( L ou
Yax TVay TaylV TV Gy

dy

0n 97

I — (282
6x+6y 0, vy =C*46

¢ Side note: General non-local model

S yeo ou
ST = [ w500y
y—oo y



¢ Mixing length model for turbulent channel flow

lm = Ky

with von Karman constant k = 0.4




Lecture 10. Turbulence channel flows & boundary layers

»  Turbulent channel flow —> U 1\
>1 UC
Two “boundary layers” with thickness h or § HT - = 2'"’
Reference parameters: pref = Privids Lref = R %(
aX
| . . “ ]
Derive reference velocity from pressure gradient (known) —— F
Jap du &
F=——"-Ax-2h, =U— =
ax fw=H dy Tw

C.V. analysis gives the friction velocity

R S o
w “ayyzo‘ ox’ T lp | dy

Another reference length scale is the viscous length

wall

5. = v
v T uT
Inner (viscous) units:
u y
+— + -2
T A
Outer units:
u y
T = = —
¢ u;’ U
RANS equation for channel:
d [ ou ﬁ]_1615_ Ty u?
ayl"ay “VIToax T Ton” T h
Non-dimensional version, and integrate it for once, we obtain
0 v out | _ 1 1 out a7 _ 1
on lu.h an wrelETb Re, dn wve = 1
For simple notation, we will use
1 du = q R _u,h_S_h+
Re,oy =~~~ T TS, T

Re; can also be interpreted as the ratio of outer and inner length scales



What is the profile of @ (Re;, y), the center-line velocity Uf (Re;)?

Given center-line velocity, the Reynolds number is thus

U:h ush
Re = = U} = U} Re
v C Vv Cc T
Derivation of the velocity profile
1. For the outer zone, we have
T y
—ut'vt'=1-2%
é

For wall-bounded flows, near the wall the molecular mixing dominates. So for the entire

region, we cannot say turbulent stress always dominates, which is different from jets.

However, sufficiently away from the wall (y* > 1, a condition related to Re;), we can

u—u y
=93

2. For the inner zone (y < &), we have u* independent of Reynolds number

ut = — = f(y+)

u,
The velocity gradient satisfies
du* 5, dU 5, dU 6,
= — = cY — = U
dy*|,_, wedy|,_, vue o dy| . v '

So the simplified momentum balance is

aﬁ+ ﬁ 1
——utvt =~
ay*t

3. For overlap zone (§, < y < §), typical values are

y*t > 40, %< 0.2

In this case, both inner and outer scaling relations should be valid
out dg out  yt df
on dn’ o ndy”
Therefore, both derivatives should be constant

dg df

n%=y+dy+=const., gmn)=Alnn+B

safely neglect the viscous stress, and consider the following expression independent of Re,




N,

5
i3

The log-layer has the expression

1
u+=;1ny++A, k=04, A=55

»  Prandtl mixing length model & log-layer

In the overlap zone, we have

—utvt =1
Mixing length model indicates
ou . |0u|du
VT@=lm@6_y=1’ I, =Ky
Therefore, the log-layer can be obtained
ou ou 1 1
Ky@=1, @=E u=;lny+B

A strong weakness of mixing length model: At the centerline, velocity gradient is 0. But

in reality, vy # 0 as there is strong mixing around the centerline.



Lecture 11. Reynolds stress transport equation

How to model Reynolds stress u,u;, and how it is influenced by velocity gradient du,; /dxy,

» Transport equation for Reynolds stress

1. Start with NS equation

ou;  0d(ugu;) 1dp
—_—t = ——— V2u:
ot * 0x;, p 0x; vV

2. RANS equation
ou; N a(ukul) 1 ap

VZ
Jt 0xy, p ax v

3. Subtraction between these two equations, evolution of perturbation

6u+6 + + N = 16p,+ V2u;
ot " ox, (Upu; + g tl; + ugu; — upu upul) 5 ox, vleu;

I O e 1dp’ 2y
¥ axk (Wew + wiell; + Wi ukuj) =——=—+vVu

p 0x;

4. Cross multiplication and Reynolds-averaging

ouu! 9 op'u/  dp'ul S
alt]+6_(ukuuf)___< ol l—2p’S{])

p\ 0x; 0x;
0% u du, 0w
+v -
0x,,0x;, 0x;, 0x,
U au;u{u]’
—Wu, — — U U,
77K 9y k axk 0y

Reynolds stress transport equation give 6 addition equations
u;u; is now primary unknowns, but we have new unclosed terms: pressure correlation

terms (energy re-distribution into isotropy), velocity gradient correlation terms (dissipation),

triple correlation terms (turbulent transport of Reynolds stress)

a. Compared with DNS, we can reduce the time and spatial resolution needed for modeling,
but we have more equations to solve
b. Same advection, diffusion, production terms appear for Reynolds stress, more physics

interpretation and potentially better to capture non-local effects



» Turbulent kinetic energy equation

wu, 1
TKE = e = 7= E(u’u’ +v'v +w'w'), MKE =

N| =
il
&

i

Take i = j for the Reynolds stress transport equation

p
U — > wuu, + 20y

4

DTKE OTKE _ OTKE 1 0 [

=—— Sil—2vS, S, —uww - S,
Dt ot M o, p 0x; U] VouRy T tht

Y

p

The change of TKE, when observed following a moving eddy blob, is contributed by:
Dissipation —¢, Production (overall positive) P, Pressure work, Triple correlation,
Transport by viscous stress

Sign of the production term: —u;u; - S_U ~vr S, - S, positive in an overall sense

If doing Boussinesq approximation for the triple correlation term, we now commit less

errors compared with modeling Reynolds stress

» Kinetic energy of mean flow
1. Start with RANS equation

DE; 19T,
Dt pox;’

2. Cross multiplication

DMKE _OMKE _ OMKE 19Ty 0% . . 0. .0
Dt ot Y Tax, p ox;  Ox; P Vax,- it 0x;

3. Simplification and manipulation

DMKE OMKE _ OMKE 10%T; _ . . —_ _
Dt = at +uk an =; ax] —ZvSijSij+ulu]-Sij

The change of MKE, when observed following a moving fluid, is contributed by:
Divergence of flux, Small viscous term (negative, often small except near the wall),

Minus Production
Foduction €
N Y N
Bundaries  MKE ~ TKE Healt



Lecture 12. TKE equation for canonical problems (0D or 1D problems)
» Recap Lecture 11: TKE equation

TKE = s 0w b _20 +1u 4
2 DeT e T Yoy
DTKE 10 Y 'D 1Cr T Cr 5,7 . C
Dt _6_[ p'u; — > wuu; + 20w S, ] 2vS, S, —wuy - S,
P =—-uu u SU, € = 2vS§,,S),
»  Turbulent channel flow
1. TKE equation
0—16 v’ u’u’+2 ulS’, —2vS,,S;, — ,,617
= by pv —pv—5 H Uy, v dy
% ou Cr Cr
P=-uv 6_y AN
2. MKE equation
uop 1 0 ou
0=———+ U——1u- uv] P —2vS; Sl-j
p 0x p ay ay
~—~~ -
+
A
3. Production term I +V'+
Recall RANS equation
out i
——utvt=1-79 -
v U
+
Bt = 0.25, at y* =12 33
4. In the log layer, the non-dimensional quantities are
(u'?) (v'%) (w'®) (w'v')
— = — =04 ——=0. =—-0.2
TKE ’ TKE 04, TKE 06, TKE 0.28
Kaa_sx_32 39 — Suv') P P_09
gdy e 7 T 0.28¢ 0288 e



» Homogeneous shear flow

u = sy, v=w=0
1. TKE equation
JTKE _ ,_61_1
FraiaiaU il il

The statistics are homogeneous in y-direction, and RANS become an ODE

2. Non-dimensional quantities (for tuning and testing RANS models)
w'?) (u'v

12 [2

u 4
Wy, B ~ 06, .
TKE TKE TKE TKE

3. Analytic solution of TKE
JTKE 1
—=0.28-TKE-S-(1——) =0.12-S - TKE
Jt 1.7

TKE in this flow exponentially grows
TKE = TKE, - exp(0.12 St)

4. Empirical relationship for dissipation

3 3
u3  (TKE)z , (TKE)2

! r

~ exp(0.06 St)

» Homogeneous & Isotropic turbulence (grid turbulence)
The length scale of the decay is much larger than the turbulence itself (~ grid size), so

locally it is a homogeneous & isotropic turbulence

1. TKE equation —_
dTKE _ _ ; HIT

—— =€

dt —_

2. Power law solution from observation

t -n
TKE = TKE, - (t—) . ettt
0

Length scale of the turbulence grows with time, but turbulent viscosity decreases with time.
These observations indicate 1 < n < 2, and empirical values are

n=13, eoxt 23 [t®5 Re ot 03



Lecture 13. Introduction to correlations
» Spatial correlation

Correlations in homogeneous flow: Only dependent on separation vector r

R, =v@u'(x+r)
More general, the second order correlation tensor
R;;(r) = (ui(x + 7, t) u;'(x, t))
Special case (average in all homogeneous directions)

Rll(ri) = (u’(x + r, Y» z, t) u,(x' y' Z, t)), Rll(o) = (u,u,)

» Integral length scale (size of large structures o< L)

fooo Ry (r) dr < —>

b (u'u’)

For homogeneous directions, we need simulation domain size >> L (several times of L)

R w
L{—— ~NL—>
< . IMWA,X
—=>Y mw\w/

0 M
-

» Temporal correlations
Rll(T) = (u, (xl yr Z, t+ T) u,(x’ J’; Z, t))

fooo Ry, (7) dr

Integral Time = W

For homogeneous directions, we need simulation time >> integral time scale
In SEM formula, each segment should be independent. The window size should be

larger than the integral time

» Taylor micro-scale

1/2
—— 10%R N 2u'u’
R11(7”) =uu +EW re, Ag = OZT
= S or? r=0




Defined based on the leading orders of Taylor series. Taylor Reynolds number is

This micro-scale A characterizes turbulent dissipation, but not the smallest eddy size
Ufms

AZ

€E~V

Space-time correlations
The flow is homogeneous in x, z and time (e.g. turbulent channel flow)
Ruu(r’ T) = (u,('x + r’ y’ Z’ t + T) u’(x’ y’ Z’ t))

Convective velocity (at which the features are moving across the probe) is usually the

same with the local mean velocity.

But in some scenarios, these two velocities can be very different. On the wall there are

pressure or shear spots moving, but the local mean velocity on the wall is zero. These shear

spots are related to moving vortices a bit away from the wall posing footprints on the wall.

A
1/Uc

- —>"

» How to compute correlations

1.

Data should be defined on uniform mesh for the directions to compute correlations (e.g.
Ax and At of the data should be uniform)
Choice r or T when performing shift-multiply-average
r =0, Ax, 2Ax, 3Ax, ..., T = 0,At, 2At, 3A¢, ...
Do not use for loops in MATLAB when doing average

Periodic extension in spatial domain, but not for time

Tmax
Tmax S 2

1.e. at least 50% of overlap



0 3>

Lecture 14. Measurement of eddy diffusivity 2D

» Lagrangian methods

Consider a statistically homogeneous process
(x?) = 2Dt L >+

with x denotes the position of Lagrangian particles. However, this formula indicates

that r = /(x?), with a singular velocity at x = 0.

We need to take the limit of t — oo to estimate D

1d 1 dx? t
S\ =550 = @ u@®) = w® jo u(t') dt')

—_ ! d ! — ! d !
( jo w(®) ut’) dt') jo (w(®) u(t)) dt
Define the time differenceast =t' —t
0 t
D =] <u(t)u(t+r)>dr=j (w(®) u(t + 1)) de
—t 0

where we use time symmetry at the last step. At the limit of t — oo, we have
D= j () u(t + 1)) dr = j C() de
0 0

Note that C () is for a moving Lagrangian particle.

aoc od(we) o
_ 2 - 1-J _ _~
=0uVe 5t o o |P

Jc N a(wc)

Boussinesq approximation (local approximation, gradient diffusion model), as well as its

anisotropic extension, gives

—— ac — ac
—ujc = DT E, —u;c = DUE
j j
The goal is to determine D;;. We can estimate it from correlations

® 1 1
D;; = jo Ci; (1) dr, Cij(r) = (Eui(t) u;(t+ 1) +§uj(t)ui(t + 1))



Note: u;(t) obtained from particle tracking is a term in the following expression
XVH = XN + At u(X,) + Random Ax

where the random walk should satisfy that its diffusivity is Dy,

» Measurement of eddy diffusivity for inhomogeneous systems
For inhomogeneous systems (e.g. Rayleigh-Benard convection), simplified RANS

equation for a passive scalar is

with Boussinesq model and y-dependent eddy diffusivity

— ac
—v'c’'=0D -
Ve =Dr()g
General closure eddy diffusivity operator (input-output relation) is
— ac
—ulc'(x) = j Dy )5 d*
V) Vi
This relation is exact, even though it is linear. Because for scalar quantity the governing
equation is linear.
Hamba (2004, 2005, physics of fluids) proposed the idea of solving DNS with the

following condition

ac
% 5 -y0)

Post-processing of simulation data will give
—u;c’ = Dy;(x, yo)

and then we can repeat for all y,

» Introduction to macroscopic forcing method (Mani & Park, 2021, PR-Fluids)

dc ()

+

= Dy V?c + S(x)
For 1D limit RANS-space in x,-direction

) = |

D;i( )65 d
P x’ —_—
’, ij 2 Y2 ayz Y2



with Taylor expansion around x,

oc  oc 0%¢c  (y, —x,)?0%¢
+ (yZ ) 2 + & - 3
6y2 axz x5 2 0x;
we have
92¢ 93¢
—uhc’ (x,) = DO (x, )— + D(l)(xz)— + D(z)(xz)— +-
0x3 0x3

with each coefficient (moment of different orders) calculated as

DO = jDzz(mez) dys ., DM = j(YZ — %2)D7,(x2,¥2) dy,
y y

D© is the Boussinesq term, and higher order terms capture non-Boussinesq effects.

Calculate D (x,): Choose S(x,) such that ¢(x,) = x,, and this can be done by adding a

nudging term for the scalar evolution equation
—uyc’(x,) = D®© (x2)
Calculate D™ (x,): Choose S(x,) such that ¢(x,) = x2/2. Similarly choose polynomial

form of S(x,) AD (Kz.aa)

However, the previous expansion is not convergent.

A general converging closure operator is

, 2e <& > Xz-Hz
— _ ¢
ox? +"'l(‘”zc ) G2) = a0 5 M\xMj lutg—HL correloton)

The macro-scale (RANS space) denotes g, while micro-scale (fluctuation space) denotes q’

0
1+ al(xz) + a, —



Lecture 15. Kolmogorov scale

> Energy budget Fm(lu(:h‘@n, E

Production term N 7N Y
P=—wu)sy Bundaries MKE TKE Heat

Dissipation term

€ = 2v(S};S};) TmYlS'POFI’J

In the integral sense, P ~ € (most cases away from the wall). They are in the same order.

Instantaneous picture of velocity profile: ‘Lj 1 L
Large eddy scale: [
Smallest eddy size (Kolmogorov scale): n n M
We need to find 7 and u,, T ' Un,
= >u

» Scaling analysis of smallest eddy size
For large eddy scale [ and velocity scale u;, they are related to the geometry and
background flow velocity

Scaling of production and dissipation terms gives

3 2 3 2
- U Un U Un
P=—(uiuj)(sij)~T, E~VF, T~vn—2
Note the difference in scaling of derivative in RANS and fluctuation spaces
¢ Example: Jet with [ ~§ ~ 0.5m, u; ~100m/s, v ~ 1075 m?/s

u
P ~ 2 %105 m?/s3, 7’7 ~JP/v ~4x105s71
Consider n = 0.1 mm, then we have u,, = 40 m/s. To see if this is correct, we need

another constraint, which is the Reynolds number

u
:77_77~1
v

Ren

This indicates that these scales are dominated by viscous stress. Two constraints give

v v n v
"=<_)' wy == @O == (o)

€

1/2



For the above jet, the scaling analysis indicates
17 =5 pm, U, =2m/s

¢ Example: A mixer with power 500 W, mixing 2 L of maple sytup with
v=12x10"*m?/s, p=13x10%kg/m3

Since all power goes into dissipation, we have

Power B 500
Mass 1.3 X103 X2 x 1073

The corresponding Kolmogorov scale isn = 0.3 mm

m?/s3 = 190 m?/s3

» Estimation of DNS computational cost

Number of mesh points in one direction

1 3
l <l46)4 lu\% 3
n v v

Example: For the previous jet example, number of mesh points in 3D

[y

Re; ~5x10%  Nyp ~ 105
Typically people choose A > n with A = 1.5 n, which is related to the prefactor. 1 is only
the scale of eddy, and the eddy size in reality is larger
For DNS of turbulent channel flow, people use
Ax* < 10, Azt <5, Ayt < 0.5

Near the wall there are hairpin vortices, and the features are elongated in flow direction



Lecture 16. Different scales of eddies

» Recap Lecture 15

v\ i i 2v S!S 15 0wy’ for HIT
=|— =—= 4 = N —
n = Uy - (ve)s, € vS,S], v(ax) or

For large scale quantities

uf
u; = VTKE, l= -

We only need to measure TKE and dissipation to calculate these scales

> Intermediate eddies

3 2 3
u; u; Uy Uy n\1/3
E=—=v=—, — =

L n* U

l

The expectation relationship is sketched below. The true scenario will be a cloud.

,ﬂltucl/) '\‘ _—
Ud=UL

bd=ly, |

» Energy transfer

P = —(uiui}S;;) ~ vi{Sij){Si;), € ~ vp(Si;Si;)

MKE /P\ TKE /&\ Heats

/P—g L. UL/\&/N 0\7-/;(3/_%([/ Un, /gx

Mechanism of energizing eddies: Vortex stretching

Ug
w = wyelt, A~—

d



For eddies with length scale d5, the ‘best’ eddies that can efficiently stretch vortices of
this scale are those with size d,. This is because: larger eddies have smaller strain rate A,
smaller eddies are dimensionally incompatible (within the structures of current eddy)

Energy flowing in per unit mass (using exponential grow of u,):

du? 4 ug
a7 d
Energy flowing out per unit mass:
. = TN T
vdSijSij ~ dud : (7) ~ 7

Energy balance indicates that the above quantity is constant: u; o d'/3. This analysis is
not following a single eddy under stretching, but is considering eddies of different sizes that
have already been mixed (statistically quasi-steady), i.e. reaching a balance between vortex
stretching that tends to reduce eddy size and mixing with smaller eddies that tends to increase

eddy size.

» Small scales for transport of a scalar field

op _
3t o, W) = vV

1. Ify = v, then we have smallest structure g = 7.

2. Now consider we have smaller y < v, qualitatively we would have gy <7

n 7 % laxge. @
Tstretch ~ Tp ~ u_TI ~ v’ Taiff ~ 7

Efficient thinning requires Tgirerecn < Tgifr indicating that
diffusion (Brownian motion) will not smooth the features out.

Critical point gives the Batchelor scale
1

2 =

NN

v
14
In this case, the stretching is dominated by 1. For water we have Schmidt number S, =

1000, so scalar transport in water needs 30 times finer mesh



3. Now consider we have larger y > v, qualitatively we would haveng = d >

d d? (d)§ v
T ~— ~Tqiff ~ — Ug = Uy | — U, =—
stretch Uy diff Y ’ d n n ’ n n

which gives the Obukov-Corsin scale

m=d=n()

3/4

In this case, the stretching is dominated by 714, and the smallest eddy to stretch the feature is

the length scale of that feature. In the other case, Kolmogorov scale is the best stretcher, since

we want the largest velocity gradient



Lecture 17. Spectral analysis of homogeneous turbulence

lﬂgtud/) g\
Ud=UL [

wd=tn, |

. > loged
7 4=, T

L Comlabion, Dogin.

/ \, Lufv-‘:?: 7

Sy %3 —— »Loﬂcob

When 1 approaches the mean free path, u; and thus u,) will be comparable to sound

speed, there for supersonic effects appear and the entire picture needs to be revisited

> 1D Fourier transform

Quantification of velocity in terms of scales (wavenumbers) with inverse FT

+00 oo
u(x) = j a(k)e**dk ~ Z fi;Ake' ™, k; = jAk
—oo =

U
=l

K &k/ xdzo

For real-valued signal, i(—k) = 4* (k). The statistical quantity of interest is {|7i(k)|?).

This is because (ii(k)) = 0 for HIT



Fourier transform gives the spectral amplitude

1 (t® .
ak) = —j u(x)e **dx
21 )_o

But in practice, we only have finite signals. If we use the following convention
1t .
Ak = —j u(x)e *i*dx
L),

the reported value will still depend on L. We want a definition independent of box size

» Continuous & discrete transforms

+00

u(x) = Z fl;AketUARX

j=—o00
Ak is the resolution in the k space. Once we select one Ak, the signal u(x) will be
periodic with period of 27t /Ak, which should be consistent with box size of simulation, and

should be much larger than the integral length L4
us !
£— N

:‘i% >>La !
|

- . X
o~ U

» Connection between FT and correlation

2 1
(|ﬁjAk| ) = (ﬁjﬁ;)(Ak)z = ﬁ<

j u(x)e‘ikixdxl
0

j u(x’)eikfx'dx’l)
0

1 Lot . P 1 L rL—x '
- _Zj j (uu(x)e K=V dx’ dx = _zj j R (e *imdr dx
L 0 YO0 L 0 Jox

L
2n 1 (2 Cra2m 1 e
= T 7 _%Ruu(r)e iTdr = Tﬂj_m R, (e i"dr

21
= — F{Ryu ()



Therefore, our original convention is box-size dependent with factor 2 /L

»  Definition of 1D spectrum
Euu (kx) = T{Ruu (r)}
This is well defined, box-size independent, but very expensive to compute. It can be

manipulated into the following form

2

Evu(ky) = i(|ﬁ Ak|”) = i( jLu(x)e‘”‘i"dx )
uu x/) = 27_[ ] - 27'[L .
In practice, we compute 1D spectrum based on FFT
2
(Ax)? ik 2r 4
Eu (k) = ———( Zu(xj)e Bty ), e =0,

j=1
The factor guarantees that the quantity is independent of mesh and box-size, given that

Ax resolves small eddy and L is larger than L,;. FFT parameters are

21 L . .
Ae=—, M=5,  k=jAk, x5 =jAx, x4 =0, xy=L-Ax



Lecture 18. Fourier transform in practice

» Recap Lecture 17: 1D (power) spectrum of u, with mesh Ax and box L
(Ax)? 2m 4w

Euu(kx) = T{Ruu(r)} = 27l (|FFT{u’(x)}|2), kx = O;iT;iT;
The unit of E,,, is U%L
»  Properties of Fourier transform
¢ Parseval’s theorem
+00
] Eyq (k) dky = u'?
The proof is based on the cross-correlation R4 evaluated atr; = 0
+00 '
Ry () = FHE;1 (k) = j Eqyq(ky)e™ ™ diey
N
5-1
> +o 21 S
R;1(0) =u'" = j Eyy(ky) dky = T Z E11(kj)
-® TN
=7

The spectrum represents how kinetic energy is distributed in wavenumber domain

B4

. Rtdk >R

The area below E;; (k) is related to

Area
2

= Kinetic energy due to scales [k, k + dk]

¢ Fourier transform of derivatives

du .
u(x) e i(k), i ikl



» Extension to multi-dimension (vector wavenumber k)

¢ Example: Channel flow at y* = 15 with u(t, x, z)

Pure 1D with k = (k,, 0) 2D with k = (kx, ky)
un u
270 270
2= 2= e
D@%’ » Dw&c% £
miv  max
2 ZA
, 2n
\R|
]
N
> S~ >
ok
“Rx

Direction of the vector wavenumber is normal to the wavefront

¢ Inverse FT in 2D is

+00 400
u(x,z) = j j a(k,, k,) e** dk, dk,

¢ 2D spectrum is calculated by
(4x)* (42)*

FFT2{u' 2
sl gt (FFT204 (o 2}

Euu(kxf kz) = FTZD{Ruu(rx'rz)} =

» Fourier transform with MATLAB
1D array representing u(x), with data u(0), u(4x), ...,u(L — Ax) and Ax = L /N

FFT of this array gives

4(0),a(4k), ..., 4 ((g _ 1) Ak),ﬁ (—%Ak), 80, k="



2D FFT storage in MATLAB

/

S

O




Lecture 19. Kolmogorov hypothesis
» Recap: Quantification of turbulence in terms of scales
Resolution requirements for DNS

Spectral analysis: Validation & detailed comparison between experiments

» Correlation & spectrum tensor
1D spectrum:
Ey1(k1) = F{R11 (rD)}

Generalization to 3D homogeneous flows (spectrum tensor):

(Ax)? (Ay)? (Az)* 2ar)
2wl 2rmL, 2mL, Wt

¢i;(k) = FOLR,; (1)} =
Connection to TKE
1 ., 1
TRE = 5 (eud) = 5 [[[ duo) @k
2 2))),
Kinetic energy of all structures with wavenumber [k;, k; + dk;] is calculated as
1
§¢iidk1dk2dk3
In isotropic turbulence, spectrum tensor is only function of |k| = k
1 [ee]
TKE = E(uiui) = j ¢;; (k) 2mk?dk
0

In general, the Reynolds stress component can be expressed as

(ujuj) = ﬂk¢ij(k) d3k

» 3D energy spectrum

For an isotropic flow, the 3D energy spectrum E (k) is
+00
0

E(_h) A\

/)

/
R RitdR




Extension to non-isotropic flow: Integrate over the spherical shells in k-space
1
B0 = ||| 380062 80K - 10 @i
k
~ iﬂj Loa(VdK, V() = (i |k Bk k) <k +A—k}
Ak )y iy 2 " ’ 2 2

Numerically, in the normalized domain (Ak = 1), we compute it as

1
EG) = ) Suk)

Vv (k)

Kolmogorov hypothesis
E=E(keln)
When k > 2rn/l, E = E(k,€,1n). Similarly, when k < 2m/n, E = E(k,€,1)

In high Reynolds number Re >> 1, there exists an overlap zone

21 21
E =E(k,e), T <k <<T

Dimensional analysis gives (E = [L3T 2],k = [L™1], e = [L*T3)):
E=Ce*3k™53, =15

rd

loq(E) 1 I |
8

|
| l

| [
2T FIa — 'pgch)
v T

Connection with velocity scaling relationship

27, dk
TKE ~ u3 ~ b E(k)dk ~ jE(k)k d(logk)

F_dk

3
u
ul ~ e?3k=2/3, ug ~ (ed)'/3, € ~ 7‘1



Lecture 20. Taylor hypothesis
» Recap: 3D energy spectrum & inertial range

Observation of inertial range requires 7 < A < [

lpacE) / | E |

rd

I

|

l

‘ a

ZT s> logeRd
v T

-3 kpe Cimaledion. Donain
7

m.fL.P. "{L, 601, i L L_ 9'93@)

The Reynolds number to observe Kolmogorov spectrum should satisfy

1
g L11 > 607]
» Connection between E;;(k,) and E (k)
Experimental quantification of E (k)
u(x! Y,z t) - Rii (1") - (»bll(k) - E(k)
But this can be hard to calculate. We hope to quantify E (k) only using u(x, t). Start from the

definition of energy spectrum and correlation function

1 teo ] '
E (k) = Z‘[ j Ri1(r) e—ikims dry, Ry (r) = jjj b1, (k) kT I3k
oo v

We can obtain E;, (k,) by integrating ¢,, (k) over the other two wavenumber components.

The exponent does not show up because we select k = k,e,.



With the assumption of isotropic turbulence, we have

+00
By (k) = j ] b11 (ku, ey, k) ey dk, = j 12 (ky, Ky, 0) 21k, dle,
S 0

Therefore, with the pre-factor denoted as A, we have

hr[\
+ oo ) ’
~ X
FuGe) =4 [ (] 2k, dk, Y
0 E Z,
From continuity equation 5 h
ou >
L=0, ikify=ik-u=0 = Hl
axi

We can define a local coordinate system, and u is always within y’-z’ plane. Again based on

isotropy, we obtain
.2
d)ii(k) =24 (luy'l )

E(k)
4rrk?

sin? 0

1 k7 k?
A(|ﬁ1|2)=Asin20(|ﬁy,|2)— —— (k) = 2|k|2¢”(k)_< k—g)

Therefore, the final expression is

e E (k) k? T E(k) ke
E (k)=j (1—— krdkr=j 1—— | kdk
WS T ), 2k2 k2 v, 2k k2

where we use the following relations
k? = k2 + k?, kdk = k,dk,
The inverse relation is

Fo - L ll dEy; (k)

dk |k dk

Measuring E;, (k;) can predict E (k) for incompressible and isotropic turbulence. In the

inertial range, we have
E(k) < k™53 o Ey (k) o k3

For low wavenumbers, E;; (k;) is higher as it integrates over k,. (higher k components)

lpﬂLE)'h Enckp! £k




» Taylor’s hypothesis
Turbulence can be approximately viewed as frozen structure convected past a sensor
Ry1(7) = Ry (V)
where I/ is the convective velocity (“mean flow”)

Spectrum in time can be directly obtained from E;4 (k;)

(A)? N 3
T (lt(w)]?) = F{R11(0)} =

1 [t )
Ei1(w) = El_m Ry (r) e ™" dr

1 e —iwTt 1 w
=Ej_oo Ry =1Vc)e dT=V_CE11(k1=V_C)

Vice versa, we have

E11(k1) =V E11((U = k1Vc)

» Spectral analysis for non-homogeneous flows

With isotropy for small scales and local homogeneity, we can compute E;; (w) and thus
E11(kq) using Taylor’s hypothesis. Then we can obtain E (k) based on the relation between
the two spectra. In the inertial range, we can then compute €, v and 7.

The computation of E;; (w) uses raw data, and does not involve any assumption.

» Spectral analysis for finite-length signal

w
T T

| >t

Use windows to perform averaging, with window much longer than correlation time, and

time step smaller to Kolmogorov time

T>»Ty,, At<t,

Use window functions (e.g. Hanning window) before FFT to taper the signal

Uhew () = Ul () %[1 _ cos (?)] . ﬁ



»  Energy spectrum for pressure
2

Pa X uj o< d?/3, E(p)ocp—ljock‘7/3

Similar dimensional analysis can give the same result. Consider the following relation
E(p) ~ p*e“kF
Given the unit of relevant physical quantities
E(p) = [p?U*L] = [p*L°T™*], k=I[L""], e=[L*T7?]

we can obtain

7
_3a=—4‘, 2a—ﬁ=5, a = , B=_§

W

Therefore, the energy spectrum for pressure scales as
E(p) ~ p264/3k_7/3



Lecture 21. Dynamics in spectral space

» Navier-Stokes equation in wavenumber domain

du;  0(wu;) 10dp 5 g L 25
Gt T Tax, - poxg TV gt i@l =—2p —vik

With the convolution
W, = 0+ = j (k) 4, (k — k') d*K
VI

The proof'is

A~ i ’. A i ,’. A A i ! " .
wu; = j i etk T 3! j oy ek T3k | = j j 1 iK'+ )T 3 ! A3 K
744 v v Jyr

= j j 0; (kN0 (k — k') e*" d3k'd3k = F~* {j o; (k') (k — k’)d3k’}
v Iy’ v/

Together with the governing equation for 4]

d ik;

—1i: kz’\-z—'k. S o) — L
6tul+v| 121 ik;(4; * 0) . p
J SRS . S
g i + vIk|20; = ik;(Q; * 0)) +7p

Cross-multiplication, summation, and Reynolds-averaging gives (with continuity k;#i; = 0)
T (@) + 20l (@,0) = eyl (8 + 7)) 33 (8 =)
Multiply by the pre-factor for spectrum and integrate over spherical shell gives
%E(k) + 2v|k|?E (k) = T (k)
The dissipation spectrum is D (k) = 2v|k|?E (k), and T (k) is the energy transfer term
§ o ER
Dck>

: cR>
ol o >

Connection with physical space

jE(k)dk = TKE, jD(k)dk =c



For HIT, we can prove it as

e_v<%%)_ ﬂ]vlkl (1,417 )d3k = Mz |k|2¢”( )d3k jZVIkle(k)dk

Integrate the governing equation of E (k) over the wavenumber domain gives
JTKE
—— = —¢€
ot

The integral of T'(k) over wavenumber domain is zero. It has a strong sink at large scale and

a strong gain at Kolmogorov scale. The transfer T(k) can be written as a divergence of flux

“ ollg (k)

Mg (k) = —j T(kdk', Tk)=— =
0

A

er TeR)
0cL )
Ot ">
sz) U




Lecture 22. k-¢ model
» Recap Lecture 9
RANS equation with Boussinesq approximation
= ———+i[2(v+vT)§ij], —uw = 2v;S;; — Zujupd;

Dt pox;  0x 3

Turbulence models try to give an expression of vi = vy (x, t)

» k-g¢ model (Jones & Launder 1972, Launder & Sharma 1974)

From mixing length model v ~ u'l, express these quantities with observations

13 2
u
k:TKE~u’2, E"'T, vT:Cﬂ?’ CH=009

¢ TKE equation (k-equation)

Dk 0 , p'uj wuu . .

D_t=6_xj<_T_T+zvuiSif)+P_€’ P =—-uu - §;j
The diffusion flux can be written as

zvuiSij=Va_xj 2 + uia_xi

The second term is small compared with €, so the model neglect it. Final k-equation is

Dk vr
—=V-([V+—]Vk)+P—E, 0'k=1
Dt Oy

oy denotes ratio between turbulent momentum and TKE mixing, which is suggested as 1

¢ Dissipation equation (e-equation)

De
e Turbulent transport + Production of e — Dissipation of €

From empirical comparison with k-equation, and dimensional analysis

Ee_v ([ +VT]V)+CPE Cez
pe VT Ve T T 2

With the following constants
C, = 0.09, o =1, o. = 1.3, C; = 1.44, C, =192



» Homogeneous & isotropic turbulence
k=A-t™, 1.15 <n < 1.45, n~13

k-& model for HIT is (using zero mean quantities)

dk de €2
a-T @ e
Model predictions are thus
n+1

e=An- -t "1, C, = , = 1.08

n n=Cz_1

k-g& model results in a slightly slower decaying HIT than typical observation

» Homogeneous shear flow

P ou
== 1.7, (u'v'y = —0.28k, S = 6_y = const., P ~ exp (0.125t)
k-g& model for homogeneous shear flow is
p=c s, H_ KT 9 kst -,
e g T e T8 g Tt 2%
Consider a test solution k = kye®f and € = €,e%*
a koS € a koS €o
o 0 _ "0 Z— - _c,—
s = G e koS’ S Gl € koS

Model predictions are thus

c(k"s)z(c De=c,—1 £l o1:17 %_o023-012
#EO 1 - w2 ) E_ 1_ oy S_ .

» Log-law in wall-bounded flows
u'v'

k
For k-& model to satisfy the reported values

P
= —0.28, —=09
€

— k? u'v’ P
uv' =G —S, ) =G Gu=009

This is the same as the suggested value of C,,. The implied Karman’s constant is 0.43

For experiment and DNS data, we have Karman’s constant k (might not be constant in

reality) and the following scaling

-1

Sy, exyl, Py



k-& model for log-layer
2

0

P=E, @(

These equations satisfy all the reported scaling relations above

VTGE) CPe CE—O
o,y YkoOTPk T

» Major issues of k-¢ model
1. Realizability issue
ul ul 2
% <1
(ujug uzuy)

2. Problematic prediction of turbulent B.L. separation over smooth surfaces

3. Need damping of diffusion and production for buffer layer

» Boundary conditions of k-¢ model
On the wall, k should be 0. Near the wall surface, special treatment (damping) is needed

to obtain finite € without divergence of dissipation term C,e2 /k



Lecture 23. Large eddy simulation (LES)

/@/(a/v | ; = 3]
TT1777 “g‘%

Mesh,

> Idea of LES

Resolve large eddies directly, and model the effects of unresolved eddies (subgrid-scale
model, SGS model)

In wavenumber space, we have DNS mesh ~ 1, while for LES, we will choose

N < Axpps K1

Energy containing eddies are resolved by LES, dissipation is not resolved.

When increasing Reynolds number by 1000 times, DNS needs to have 1000 times finer
mesh, but for LES to obtain same percentage of resolved TKE, we barely need to change the
mesh size, as the contribution of TKE at Kolmogorov scales is diminishingly small. However,

we lose the process of dissipation and cannot resolve D (k)

LES DNS

0™ Qe

»  Filter operator
ii(x) = ju(x’) Gx—x)d3x', t(k)=1k)- Gk
v
Kernel G(x’ — x) can be a Gaussian, and the width is the filter width ~ A
1 N\
G G

A
\

\
k!



LES criterion: To capture 80% of TKE, the mesh size should be
1 1
A(LES) = El = ngl
This criterion is independent of 17 or Re. For example, withl = 2 cm andn = 100 um
l l
E = 200, A(LES) ~ 0° 2 mm, A(DNS) = 100 um

The mesh saving is 203 = 8000

» LES equations

Start by filtering Navier-Stokes equations with u; = #; + u;

2 2 10p

]
St Ul = — o= V2, —a—(a,-ﬁi -un,), —=0

0x; p 0x; X; 0x;
Note that unlike Reynolds-averaging, we now have
Wil — U, # uu,
The final divergence term physically represents the effects of unresolved eddies on filtered

momentum transport (mixing)

» Smagorinsky model (1963, MWR)
Effect of small eddies — Mixing — Diffusion of momentum

LES viscosity should scale as
1

A3 2| & 272|&

uA"’ul (7) ) VLESNA‘UA"’AlSl, VLES=CSA |S|

This expression is analogous to Prandtl mixing length model, but applied at LES grid scale

» Advantage of LES over RANS

1. Most of TKE is directly resolved by LES. For RANS none is resolved, but modelled

2. Effect of model error is smaller, confined to smallest scales. Smallest scale eddies are
more isotropic, and it is more likely to have isotropic mixing at small scales. Boussinesq

type models are thus appropriate



»  Parameter Cs for LES
For free shear flows, Cs = 0.1 ~ 1

Near the wall, Cs = 0 as u’ — 0. Damping is applied to Cs near the wall

» Dynamic Smagorinsky model (Germano et al., Physics of Fluids, 1991)
The quantity we want to model is
Tij = W, — Hfl; = =2V gsS;;
Introduce a filter of filter (coarser filter) with A > A (which is often A = 2A)

= U, — ;1 = —2C¢ A2 |S:| S:i]-
Criterion to choose Cs is to satisfy
Lyj =Ty — &y = 4@, — ;i = —2C2 |82 3| §;; — 2233, |
Here we have 6 equations and 1 unknown, Lilly (1992) use least squares to choose Cs which

is spatially dependent. Ensemble averaging or selection based on homogeneous directions can

be applied further.



