ME 340 Mechanics: Elasticity & Inelasticity

Instructor: Wei Cai
Topics to be covered:
1. Fundamental variables and equations of elasticity
¢ Stress, strain, tensor transformation
¢  Stress-strain behavior of materials, Hooke’s law
¢  Equilibrium and compatibility conditions, Boundary value problem
2. Stress function method for 2D problems / Green’s function in 3D
¢  Plane strain and plane stress formulations, Airy stress function
¢ Polynomial solution of beam, Weak/Strong boundary condition
¢ Fourier method of solution, Elastic half space, Contact problem (2D/3D)
¢  Elasticity in polar coordinates, Void, Pressurized tube, Wedge
¢ Crack dislocation, Line force loading
3. Plasticity
¢ Fundamental equations and their graphical representation
¢ Beam bending, internal stress, rod torsion, pressure vessel
¢ Hardening laws, plastic instability
¢ Finite element model for plasticity
4. Fracture
Linear elastic fracture mechanics (LEFM)
Stress intensity factor, energy release rate, J-integral
Plastic zone in ductile fracture, Dugdale-Barrenblatt model
Cohesive zone model, Finite element model for fracture

Microscopic mechanisms of plasticity and fracture

*® & & & oo o

Fatigue crack initiation and growth

Textbooks:
e J.R. Barber, Elasticity, 3" edition

e T.L. Anderson, Fracture Mechanics, 3" edition



Lecture 1. Stress, Strain, Elasticity

» Vectors & Vector transformation

Vectors have magnitudes and directions. Under a specific coordinate {e,, e,, e5}, we have
one representation u; of the vector u. We also have another coordinate {e}, e}, e5} with

another representation u;. We have

Uy up
u = u;e; = u;e;, u; = (U2, u; = |u,

The transformation matrix Q is orthogonal with Q=1 = QT and is defined as

uy Qi1 Q12 Qu3][W
Qi; = (e}, e;), u; = Qijuj, U | = [QZI Q22 Q23] [uzl

us Q31 Q32 Qz3llus

» Displacement, Strain, Stress, Generalized Hooke’s law
For linear infinitesimal elasticity, the displacement and strain are
ux)~uX)=x-X
1 ou;

5U=%=§@M+WJ' Uij =50 o
]

The strain tensor is symmetric. The rotation tensor does not contribute to deformation
1
ww=§@u—%ﬂr Eij T Wi = Uy j
Given the stress cube, the stress tensor is symmetric and is defined as
Force in j-th direction

0ij = 0j; = —— —
Y Jt" Unit area in i-th face
The traction becomes
Ty = oyny
The generalized Hooke’s law is

0;j = Cijki&k &ij = SijkiOki

» Tensor transformation

& = QipQjqepq) e’ =QeQ"



Lecture 2. Anisotropy, Equation for elasticity T&(X
» Anisotropic & Isotropic elasticity Exx D
For a tensile test, what we really describe is the relationship E

between oy, and &,

Voigt notation

011 01 €11 &1 01 C12 Ciz Cia Cis Ciglrén
032 0, &22 & 0, Cy2 C23 Crs G5 CyellE2
33| _, | % 533 33| _ |€3 o3 C33 (34 C35 C36l|€3
023 04’ 2e33| " |V23 &’ Oy Caa  Cus  Cucl|éa
031 g 2&34 31 &s Og - Css Csgll&s

3 261, 12 Op

M

XX

We can now write the Hooke’s law as
O-] =CI]€]' EI =SI]U], 1,]= 1,2,“',6

However, to perform transformation, we still need to apply on the 4th order tensor C; jx;

Independent components of tensors

Components Independent components Symmetry
O-ij 9 6 O'i]' = O'ji
Cijki 81 21 Cijki = Cjir = Cijik = Crij

The major symmetry C;; = Cj; is due to the existence of a strain energy density that satisfies

_ 0w Co = (o = ow
7= 9e, U 9e,0g
Isotropic material
Sin = Sir11 =Sy =33 = = £y = 2L
11 — Y1111 — 22_33_E 11 E
S12 = S1122 = S13 = Sa3 = ~F €22 = _V?
1 1 033
Saa = S55 = See =c= 2(811 — S12) €23 = 5V23 = 5 E=2(1+v)G
For isotropic elasticity, the Hooke’s law becomes
v 1+v
0ij = Aekr0ij + 2ug), &jj = —EUkkfsij t %



» Equation for elasticity
Compatibility condition
Eijgel T €xtij — Eikjt — Ejrie = 0

This condition is automatically satisfied if the strain is obtained from the displacement.

Another perspective: g;; has 6 degrees of freedom, while u; has 3 degrees of freedom. We
require the compatibility condition to make sure we can find u; that corresponds to &;;

(Implications: No cracks, gaps, discontinuities, etc.)

Equilibrium condition (static)
O-ij,i+F}'=O' V.-o+F=0

»  General strategies for solution
1. (3D problem) Start from u; and use the Hooke’s law

For isotropic elasticity, the stress o;; can be written as
O-ij = luk_k&-j + u(ui,j + u]"i)

Then, using the equilibrium condition to write PDE for u;
puipr + (A + g + F; =0
In vector form, we have
uWVu+ A+ wviv-u)+F=0

2. (2D problem) Write out the compatibility condition in terms of stress
The compatibility condition in 2D plane strain becomes one single equation
Exxyy T Eyyxx — 28xyxy =0

The equilibrium condition gives

Oxxx + Oyxy + F =0

Oxyx t 0yyy +E =0
We begin with a trial solution / ansatz ¢ (x, y) with

Ox =Pyy +V Oy =tV 0y ==y, E=-V, F=-V,
The equilibrium condition is automatically satisfied. Now the compatibility condition gives
VZ(V2p) =V =0



CA Session 1. Euler-Bernoulli beam theory, Stiffness tensor
» Euler-Bernoulli beam theory
Assumptions

1. Plane strain

2. Newton axis (N.A.)
3. Small deformation
4

. Plane surfaces are perpendicular to the Newton axis

Flexural stiffness
The curvature is related to the bending moment divided by the flexural stiffness
do d*w M
Tdx  dx?  El
The moment of inertia I, and the flexural stiffness are calculated as

b 2Eth?
I, = j y?tdy, El, =
b 3

Force and angular moment balances

dv(x) dM(x)
Beam equation
d*w(x)

We need 4 boundary conditions in total

» Cantilever beam with load at the free end 4 J, P
Reaction force and angular moment are /]
/

|Fel =P, IMgl = PL A x=L

From shear force and bending moment balances, we have

Vx)=P, PL+M=xV(x), M=P(x—L) Mg(‘ FRT o::xllv 5M

The bending moment is contributed by normal stress g, which is

M(x)y
L

b

, mmaf%@www
-b

O-xx(x; y) = -

The shear force is contributed by the shear stress ay,,, which is

32,(4@ 1= (%)2] V() = j_i“xy(x»y)t dy

Ty (X, y) =



» Beam supported at both ends with a central load
At the left half, reaction force at the pin support is

P

p
V(0) = — [ —
2 X 2

From shear force and bending moment balances, we have

P Px L Vx)
V(x)=§, M(x) =— 0<x<-=

_—
S ——
2’ 2
For the right half, we similarly have /\ M X)

vV = P M —PL L< <L

» Cantilever beam with a linear load
Reaction force and angular moment are

2

kx L kL L kL
a@ =7, IFl=[ a@ar=" Ml = [ xq@dx ==
0 0

From shear force and bending moment balances, we have
X

X
V() = |Fal - j a0 dx, M) =V + j xq(x) dx — | Mg
0 0
Directly from the ODEs, we have

v kx k

—_— —— = = — (]2 — x2

=T VW=0, V@ =5 -a)

dM  k kLx kx3 kL2

_— 2 _ 42 = =
Tx 2L(L x°), M(L) =0, M(x) > oL 3



Lecture 3. 2D Elasticity, Airy stress function
» Types of 2D elasticity problem
Antiplane shear: Only u,(x, y)

Plane strain
K’

u,(x,y), uy, (x,y), u, =0, — =0

€xz = Eyz = &2z = 0, Oxz = Oyz = 0,

Stress-strain relations

1 v v 1—v? v(1l+v)
Exx = Eo-xx _Eo-yy _Eo_zz = To-xx _Tayy
v 1 v v(l+v) 1-—v2
gyy = —EO'xx +EO'yy —EO'ZZ = —TO'XX +T0'yy
1
gxy =ﬂo-xy

We can define the effective E’ and V'

1 1-v? , Vv v vl +v)
— ) v = ) — ———
E'’ E 1—v E’ E
Plane stress l
The material is free to expand in z-direction
Oxz = Oyz = Ozz = 0, Exz = Eyz = 0, €&
Stress-strain relations
1 v v 1 1 T
Exx = EO'xx —EO'yy, Eyy = —EO'xx +E0'yy, gxy = ZO'xy

However, for plane stress the compatibility condition for &,, also needs to be satisfied.

If the material expands in z-direction, there will be stress dependence on z-direction, since

the material elements are connected, which breaks down the 2D plane stress assumption.

Kolosov’s constant
3—v
1+v

K =3—4v, K

»  Airy stress function
For plane strain without body force, we begin with a trial solution / ansatz ¢(x, y) with
Oxx = ¢,yy Oyy = ¢,xx Oxy = _¢,xy

The equilibrium condition is automatically satisfied.



The compatibility condition becomes the bi-harmonic equation
V2(Vip) = Vi =0
Plane stress shares the same equation, but an extra compatibility condition for €,, needs to be

considered (but usually ignored)

Examples
p(x,y)=ax+py+vy Oxx = Oyy = Oyy =0
1 1
d(x,y) = Esz + EBy2 — Cxy Oux =B, 0y, =4, 04 =C
6o
1
d(x,y) =§on2 Oxx = Og ol —

My

M
¢(X.}I)=—6—Iy3 Oxx = i ?wﬁM

» Rectangular beam: Boundary value problem (BVP)
Boundary conditions

Top & Bottom (Traction free): Strong boundary conditions

Tx=0xy=0; Ty=o-yy=0, aty=ib Fl:

0 L

Left side: Weak boundary conditions (consider thickness t = 1)

b b b
j Oxy dy = F, j Oy dy = 0, j Oy dy =0, at x =0
-b -b -b

Right side: Weak boundary conditions for stress are automatically satisfied since the

equilibrium condition is satisfied at every point during the solution.

However, the strong boundary conditions for displacement u,, = u,, = 0 at x = L still need to
be considered after obtaining the strain field. But in practice, only the weak conditions for

displacement can be satisfied by the solution.

Solution

In this problem the moment M « x, so we first choose
) Oxx = 6C1xY, Oyy = 0,
However, to satisfy gy, = 0 at y = +b, we need to fix this component as
Oyy = —3C;y* + 3C1b?, ¢ = Cyxy3 — 3C,b%xy, Vip =0

The other stress components are unchanged.

NN S



The weak boundary conditions at x = 0 gives

b b F
j ny dy=3clj (bZ_yZ) dy=4‘b3C1 =F, Cl =_3
_p _p 4b
The stress field solutions become
3F 3F 5
O-xx=2_bg,xyr O-xy=4__b3(b - y°), Uyy=0
We can obtain the strain fields from the Hooke’s law (under plane stress)

3F 3Fv 3F(1+v)
Gxx Topp3 XY Gy T T3 S T Typps

(b% —y?)

Integration leads to the displacement fields

_F2+() _3Fv 2 4 900
=2Ep X YO wy =yt A

ux
To satisfy &, we need

1 aux+auy 3F(1+v)
v =32\ 8y Tax ) T 2ED3

F 3Fv
x2+f'(y) - y*+g'(x)

2 _ 2y —
(0% —¥%) = 1513 4ED3

Because the equality holds for any x and y, separation of variables leads to
_3F(1+v) 3Fv

2 ' 2 _ 4,2 2 _ fr —
We finally have
F(1+v) Fv
- _ 3 o a2, 03 3 _
g = -3 + x4 D, fO) =— = Bby =y ) + sy —Cy +E

The constants D and E denote rigid body translation, while C denotes rotation
D,
c§) —>E




Lecture 4. Saint-Venant’s principle, General solution in rectangular domain
» Saint-Venant’s principle

Saint-Venant’s principle justifies the usage of weak boundary conditions.

It states that the stress field in a rod or beam sufficiently far away from its end produced by
some traction forces applied to the end is independent of the detailed distribution of the
traction on the cross section, as long as the total force and total moment applied to the end

surface remain the same.

In other words, the correction term is localized (decays exponentially), and the characteristic

length scale is about the beam height 2b.

We also want to apply strong boundary conditions to the longer dimension.

»  General solution in rectangular domain
From Euler-Bernoulli beam theory, for polynomial loads we have
q(x) ~ x™, V(x) ~x™1,  M(x) ~ x™t?
Then we can suppose the stress function ¢ has a maximum order of n + 5
Oy ~ X2y, b ~ x"+2y3
All we need to do is solve the coefficients of the polynomial, using the biharmonic equation

and boundary conditions.



Lecture 5. Fourier solution
» Independent solutions of biharmonic equation
For a rectangular domain [—a, a] X [—b, b], we describe the strong boundary conditions

Oy 6y =b) = £,,(X), 0y, (xy = —b) = —t,_(x)

Oy(®y = b) =t (X)), 0y (xy = —b) = —t,_(x)
Consider the trial solution

P(x,y) = e“*ef”
If the harmonic equation V¢ = 0 is satisfied, then we have
Vip = (a? + BHep =0, a’+p2=0
Then the stress function has the form
d(x,y) = etit*etly 1 €R

Now for the biharmonic equation V*¢ = 0, the four independent solutions are
eixlxely eilxe—ly eilx . yely ei)lx . ye—)ly

Then the stress function has the general form

d(x,y) = emx[(q +cy)e? + (c3 + C4J’)€_Ay]

Symmetric solutions
The general form can be decomposed into even and odd functions

cos /1x> <A’ cosh Ay + D'y sinh Ay)

d(x,y) = ( B’y cosh Ay + C' sinh 1y

sin Ax

» Sinusoidal loading on the rectangular beam

Consider the rectangular beam with loading

py(x) = pg cos (%)

The two ends are simply supported, both sides having equal forces to balance the loading.

The strong boundary conditions are

X
0y y =b) = —pycos(5-),  Ouy(x,y=b)=0

ayy(x,y = —b) =0, Oy (x,y ==b) =0

We can decompose the problem into two simple scenarios

(1 h) b



Problem (a): gy, even in x, odd in y

—py= _Po (™ —_py=Po (™
ayy(x,y =b) = 5 C0S (Za)’ Oyy(x,y = —b) = 5 C0S (Za)

Problem (b): 0y, even in x, even in y

= _Po (™ — = _Po (™
ayy(x,y = b) = 5 C0S (Za)' ayy(x,y = —b) = 5 C0S (Za)

For problem (a), we have
¢(x,y) = cos Ax - (By cosh 1y + C sinh 1y), A= T
The top boundary conditions give
0yy(y = b) = —A* cos Ax - (Bb cosh Ab + C sinh Ab) = —%cos Ax
0xy(y = b) = AsinAx - [ABb sinh Ab + (B + AC) cosh Ab] = 0



Lecture 6. Elastic halfspace
» Issues to solve halfspace problem
Euler-Bernoulli beam theory: Proportional to 1/1, for halfspace all fields go to 0
Airy stress function: Solution is very tedious, and we only focus on displacement at the

top. However, we need to use the general procedure to solve the Green’s function

» 2D elastic halfspace problem 3

Find displacement at x due to a force at x’ using the Green’s function

wi(x) =fG?}(x—x’)Tj(x') dx',  Lj=xy
Q

Single Fourier mode

For a sinusoidal loading with wavenumber k, we have
+o0
T, (x) = e, u, (x) = j Gs(x — xe**" dx’
A change of variable leads to
+o0
uy, (x) = el j Gs(xNe ™" dx' = Gs(k)e™ = Gs(k)T, (x)

For a single Fourier mode k, displacement is proportional to surface loading. The factor is the

Fourier domain Green’s function at wavenumber k.

Green’s function for a normal loading
Consider the surface load
T, (x) = Ty cos kx
Surface boundary conditions
Oyy(6,y =0)=T,(x),  0Oxy(x,y=0)=0
We choose the Airy stress function that converges at y = —oo
¢(x,y) = coskx (A + By)ey

Stress fields become

oy, = —k? coskx (A + By)e®, Oyy = ksinkx (kA + B + Bky)e"”

yy

The boundary conditions give
To To

B=-2

~k?A=T, K?’A+kB=0, A=-,3, p

Finally, the solutions are
Oy = Tocoskx - (1 + ky)e*y



oyy = Tocoskx - (1 — ky)e*”

Oxy = Tosinkx - kye™”
Under plane strain assumption, we can further obtain the strain and displacement fields

T,
u (x,y) = k—zsin kx[(1—v—2v®) + (1 +v)kyle® +C

T
u,(x,y) = k_Z"COS kx[(2 —2v?) — (1 +v)kyle®” + D
At the surface y = 0, the displacement fields are

T,
U, (x,y =0) =i, (x) = k—zjsinkx (1—-v-=2v?

T
uy(x,y =0) =1i,(x) = k—gcos kx - (2 -2v?)

S

We can identify the Green’s function Gy, as the following

21-v3) 1-v

G, (k) = =
7 |k|E |k|u
In the spatial domain, the inverse FT results in
1-v Kk+1
Gyy(x) = — - In|x| = — yr In|x|

For displacement u,, we can identify a phase shift in the Green’s function

1—v—2v2 1-2v
S — i - i
Gy (k) i B = o
In the spatial domain, we have
1-2v Kk—1
Gey(x) = ™ sgn(x) = 8 sgn(x)

» Green’s function for 2D elastic halfspace

s k+1 1 K+1l x|
| Y a k| e
y-loading -
s _K—l.i K—ls n(x)
xy 4k 81 g
s k+1 1 K+1l x|
C— — n
| = 4 Tk] *
x-loading -
s K—l.i _K—ls n(x)
yx 4u k 8u &

Note: This matrix is anti-symmetric



Lecture 7. Polar coordinates
» Elasticity equations in polar coordinates

X =rcosb, y=rsinf

r=+x%+y? 6= arctan%

Gradient operator

d 0 10
R R R =R = T
Derivatives of unit vectors
de, dey de, Jdey
=ep —o =€, — =

In tensor form, the stress tensor can be written as
o= (V*Q Ve, Vi=Vxe,

The new gradient operator is

ve = d N J d N 10
T T TGy T T T 6 5
Stress field from the stress function ¢ (r, 8) now becomes

19 10% 92¢

Orr

Biharmonic equation

0> 10 1 0% 0> 100 1 0%
Vip=|-S+-—+>—||-—5+-—+
0r?2 ror 7r29002%2)\or?

In tensor form, the strain tensor can be written as

s=;w®w+W®wﬁ

Strain field from displacement

ror 1262

9]

B B (16(1))
= or trzgezr 90 =5z 9= "3\ 5

-

du, 10uy u, 1/10u, uy OJdug
= vt w5l o
Generalized Hooke’s law
o=ATr(e)l +2u¢
Traction force
T=n-o, T, = o1, + 0grng, Ty = 09Ny + Oggny

Equilibrium condition
V-o+F=0

)



» Michell solutions to biharmonic equation in polar coordinates
We expect a periodic function in
¢(r,0) = ¢p(r,0 + 2m)
Consider the form of stress function
@, 0)=f(r)e™, n=012--

The biharmonic equation becomes

0> 100 n2)<62 10 n?

4 — - _ —_ - —_—— — =
Vig=0 < <6r2+r6r r2 6r2+r6r rz)f(r) 0

The polynomial form f(r) = r™ gives
(m? —n?>)[((m—=2)> —n?]rm* =0
This indicates the general Michell solutions
d(r,0) = (Apa™ 2 + Apor 2 + Apgr™ + AprMe™®,  n =234,
For n = 0, we have
fo(r) = Agir? + Agar?InT + Ags InT + A, 0

Forn = 1, we have

A
f1 (T) == A11T3 + A12T lIlT + A13T9 + %

» Example: Shear loading, circular hole in a plate
Infinity conditions
Oxx = 0yy =0, Oxy =S, r = ©
Zero normal traction at the hole
Org = 0pyr = 0, r=a
We decompose the stress function into two parts
¢ =@ +opm®

The uniform shear loading is described by

1
¢ = —Sxy = —Sr?sinf cosh = —557‘2 sin 20, 0953) =S

o)) =Ssin20, of) =-Ssin20, a3 =Scos20

Now we need to cancel the stress at r = a. The effect of the circular hole is described by
¢ = £,(r)sin20 = (A + Br~?)sin 20

) 44 6B\ . 1) 2A 6B
Opr =_(r_2+r_4)3m20' 0,9 =(r—2+r—4)c0529

Atr = a, the boundary conditions give

4A+6B_S 2A+6B_ S A= sq? B = 154
a2  a* 7 a2 a* 7 =24 I R



The stress fields are obtained as

The maximum shear stress at the hole r = a is

Orr — Ogg\? 1
T(e)=j(—” -—7) + 0% = logel = 25 5in20

Therefore, the stress-concentration factor is 2, as we have 7,4, = 25



Lecture 8. Polar coordinates
» Example: Tensile loading, circular hole in a plate
Infinity conditions
Oxy = 0y, =0, Oxx = S, r— 00

The uniform tensile loading in x-direction is described by

@ = %Sy2 = %
The effect of the circular hole is described by n = 0 and n = 2 solutions

¢® = f,(r) + f,(r)sin20 = Alnr + BO + (C + Dr=%) cos 20
Atr = a, the boundary conditions give

Sa? Sa? Sa?
A=-—, B=0, (=—, D=-—

The stress fields are obtained as

1
Sr2sin® 6 = 7 S72(1 = cos 26), c@=5

The maximum normal stress at the hole r = a is
0(0) = |oggl =S — 25 cos 26

Therefore, the stress-concentration factor is 3, as we have 0,4, = 3S

» Example: Rotated tensile loading, circular hole in a plate

For anti-clockwise and clockwise rotation, the new angle becomes

9 =9+ 20 =2041
T Ty )

Therefore, the solution of the rotated tensile loading is

S a?\ S 4a? 3a*\
O'rr=§ 1_7‘_2 iz 1—74'7 sin 260



We add these two scenarios together, and obtain the biaxial tensile loading case

a? a?
O =S 1_1'_2 ’ org =0, Ogg = S 1+T_2

We subtract these two scenarios, and obtain the shear loading case

» Example: Infinite pressure vessel

The problem is decomposed into: Compression + Biaxial tensile loading

a? a? a? a?
Or="Pot Po\1="3)="Poz, Geg="Pot+Po|l+ 7 ]=Po7,

» Example: Thick-walled pressure vessel

The trial solution can be constructed from the infinite pressure vessel solution

B

0. =A——, Ogg = A+ —, o9 =0
rr 72 66 72 ré

The boundary conditions atr = r; and r = 1, give

O-Tr(rl) =A- — = ~Puv O-rr(rz) =A- — = P2
n Lp)

We eventually have the solution

1717”12 - 1727”22 P2 —P1
A=—p—75 B = 1 1
N = =

2 rf

When p, = 0, the solution becomes
o = pi1i 1_ﬁ Gon = pi1i 1+ﬁ
T rzz — 7”12 r2 )’ 00 T'22 _ r12 72
In the thin wall limit, we have
r, =1+t rZ —rf = 2nt, t <
The maximum stress then becomes

2 2
ry 1T pin

0, r=r)= ~
99( 1) P1 rzz _ 7‘12 t

org = 0



Lecture 9. Contact problem

» Displacement from arbitrary surface loading

i, (x) = j+m[6,fx(x —x") Ty (x") + G5, (x — x") T, (x")] dx’

i, (x) = j_ [G5(x —x") T (x") + Gy, (x — x) T, (x)] dx’

»  Frictionless contact problem: Formulation

We will mostly work with normal forces for contact problems

k+1

4mtu

The compressive surface pressure loading is p,, (x) and the vertical displacement is

Gyy(x) = — In|x|

~ e S 14 12 ! K+1 e ! ! !
uy(x)=—j_ Gyy(x —x") py(x") dx =Wj_ py(x") In|x — x'| dx

Consider the indenter is rigid and its shape is u,(x). The contact region is x € [—c, c]. After
the contact, the indenter goes down by d. In the contact area, we know the displacement

L, (x) = up(x) — d, —c<x<c
For infinitesimal elasticity, we consider the material at x match the shape uy(x) even with

non-zero horizontal displacement. Within the contact, we have

k+1 /¢ , , )
uy(x) —d = e jcpy(x)lnlx—xldx, —c<x<c

The total downward normal force is

c
F =j py(x") dx’
—C

The force F as a function of indentation d and contact region c is useful in practice

As a summary, the boundary conditions are
iy, (x) = up(x) — d, gyy(x) = —p,(x) <0, Oyy(x) =0, —c<x<c
i, (x) <up(x) —d, ayy(x) =0, Oyy(x) =0, lx| > ¢

The contact problem is essentially an inverse problem



»  General solution approach

First taking the derivative of the integral equation

4 dugy(x € p,(x'
il (%) jpy( )dx’, —c<x<c

K+1 dx _ex—x

We have the following form of the (singular) integral equation
c x’
g(x):j f( ),dx’, —c<x<c
e X—X

To properly define the integral equation, the Cauchy principal value is considered

Fe R L[S
o =ml[, e [ 2]

x—x' x—x' x—x'

v [

—C x+e

If the contact region is infinity, we can directly refer to the Hilbert transform. The contact

problem is difficult due to the fact that we only know the displacement for some regions

The general solution of the integral equation is
[2 1A F
F) = — j Vc? 9&) oo F
7-[2 C2_x2 x —x' ‘/CZ—XZ

The second term corresponds to the flat punch solution

» Example: Flat punch

For a flat punch, we directly know the contact region, and the shape is flat with uy(x) = 0

py(x) =
Y nvc? — x?
There are singularities at the corners x = tc. Consider x = ¢ — r, the singular behavior is
1
G ~ —
Vr

Now consider that two elastic half-spaces are glued within a region and pull them apart. This

is a crack problem, and the stress singularity is the same as the flat punch problem

» Example: Cylindrical punch

We approximate the indenter shape as

( )_xz dug(x)  x
WX =5g dx R
Now the solution becomes
) = 4u > 24 F 1
py X _(K+1)R ¢ X (K+1)R W/CZ—XZ




We notice the first term is finite, while the second term is singular. However, the contact

region c is unknown, and we don’t expect singularities to appear for the cylindrical punch.

F 2uc? (k+ 1R
—_—_— = O, Cc = —F
m (k+1)R 2T

The force distribution over the contact area becomes

4 2F
p) = X e

Therefore, we require




Lecture 10. Wedge and Notch J

6863’6*_\
» Uniform shear on right-angle wedge ! “é@‘i
Org =0g9g =0, 06=0 ST
MY
s
Org = S, Ogg = O, 0= E \9 I

We seek solution whose stress fields are independent of r, which requires ¢p « 2. We can
find three terms from the Michell table, and the fourth one is 726. We therefore obtain
¢ = TZ(Al Cos 20 + A2 + A3 Sin 29 + A40)

The boundary conditions give

e T n sin 260 3 Q
¢ =Sr 8c0529+8+ 7 >
In Cartesian coordinate, we have
L P o A S o 4
¢)=S—§(x —y)+§(x +y)+7+ 5 —arctan

62 d) Syz
0. = — = —
Xy 0x0y x? + y?
The stress is indeterminate at the corner x = y = 0. It is not a singular point, but the stress

gradients in -direction increases withr~1asr — 0

» Notch: Re-entrant corner
The stress field should be singular at the corner. The boundary

conditions are stated as

T
O'rg=0'99=0, 9=ia, a>§

William’s solution gives
¢ = r*1A; cos(A + 1)0 + A, cos(A — 1)0 + A3 sin(A + 1)8 + A, sin(A — 1)6]
We seek singular stress field solution with A < 1. The boundary conditions lead to a linear

system and to obtain non-trivial solutions, we need

Ay
M1 0 AZ _ _ —
0 M,||a, =0, detM; =0 or detM, =0
Ay

We thus obtain the following equations
Asin2a +sin2la =0 or Asin2a —sin2ia =0

With a change of variable, we have
sin 2a

x = 21, x+sinx=0



> Semi-infinite crack

When a = w, we have sin 2w = 0 and the singular solution requires A = 0 or 4 = 1/2.

However, when A1 = 0 the stress field ¢ &« 1 and the strain energy is infinite

1 “1 1 “1
Eel=§jJUij€ide“j ;';'TdT=j ;dr—>oo
S 0 0

Therefore, the singular stress field for a crack tip is
1

1 1
= —’ O' ~ —_—
2 Vr
Mode I loading (symmetric solution)
A=A - 1)sin(A — 1Da, A, =—AA+1)sin(A+ Da

For semi-infinite crack, we have b
K (5 6 1 39) TN
arr—m 7 €055 —7C0S— ;
_ K (3 9+1 39) _3A7r [
Ogg = — 7 COS5 + 7 cos— |, = > i
K (1 ) 0+1 . 39)
Org = — 2 Sins +gsin— J/
Mode II loading (antisymmetric solution)
A; = A1+ 1)sin(A — 1Da, A, =—AA+1)sin(A+ Da
For semi-infinite crack, we have
K, /5 6 3 36 P
Oyr S (— Zsmz + Zsm 7) ’_\
K;; 3.6 3 360 i3 b
Opg = 2—1-[7‘ (_ZSIHE - ZSID7) ’ KII =34 E ! R
Ky (1 9+3 30)
Org = N 7 €05 + 7005 g

The constant K; and K;; are called stress intensity factor




Lecture 11. Plasticity equations I
» Tensile test for a ductile material
For non-linear elastic material, the unloading curve is exactly the same as the loading one,

even though the relation is not linear. If the unloading curve is different, then it is plastic

CT/ A
r\ ’ ‘P 1 S Mo S
\ chae ’ vl
A Smms AE e houtdaning
reload £/ unload z 7 ¢
AE J
0 c > < T

The real material can be complex, so we idealize elastic-perfectly plastic (EPP) materials

» Plasticity equations

Displacement, strain, stress fields and traction are the same.

Equilibrium condition
O-l'j,i + P} =0

Compatibility condition for the total strain field
l
& = &ff + ¢l

In general, both elastic and plastic strain fields are incompatible. Consider plastically deform
the inclusion and squeeze it back into the elastic matrix. The elastic strain will adapt to the

inserted inclusion and result in a final compatible total strain field

Constitutive equation
v
1—-2v

_ el — el el —
0ij = Cijia&x,  Oij = A 6ij + 2peiy, A =2p-

There is a term ‘elastic strain’, but no such term as ‘elastie-stress’

Hydrostatic and deviatoric components

Hydrostatic stress and strain (first invariant)

__1 1 - el
o =§O-kk, & =§€kk' o = 3K¢



Deviatoric stress and strain
Sij =01 — 08y, e =¢&;— &6, S =2puef]
We can obtain
Eiejl = E_elﬁij + e'el O-ij = 3K8_615i]- + Zﬂeiejl

ij

Yield condition
Mathematically, the yield surface is described as
f(o_ij) = f(axx' 0yy, 0322 Oxy, Oxz, Uyz) =0
We already idealize the yield surface to be independent of stress rate, strain rate, etc. We also
consider isotropic material, so coordinate transformation does not change the yield surface.
Therefore, we need the stress invariants, with expressions in the principal axes
L =tr(oy) =04+ 0, + 03

1
I, = _E(O-iio-jj — 03;04) = —(010; + 0,05 + 0307)

det(ai]-) = 0,0,03

~
w
Il

Usually, the yield condition is independent of pressure by experiments. For deviatoric stress,

the stress invariants become
Ji=t(sj)=s1+s,+s3=0

1 1, 2 2
I, = 2 SijSij = —(5157 + 5253 + s351) = 5(51 +57 +535)

1
Js = det(s;;) = 515,55 = 5(513 + 53 +53)

The yield surface of isotropic material becomes

f(]z»]3) =0

Von Mises yield condition

One widely used yield condition is J,-plasticity. The Von Mises criterion is

f(]z)=]2_k2=0

Tresca yield condition
The Tresca criterion is based on the maximum shear stress, and it has the form f(J,, J5;) = 0.
Using the Mohr circle, we write it in terms of the principal stress

01 — 03 = ZkT



Lecture 12. Plasticity equations 11
» Yield condition & Yield stress

We usually report the yield stress oy under uniaxial tension case. For Von Mises criterion

211 1, oy
Sij =d1ag(§a,—§0,—§0), ]2 =§O'y =k B k=ﬁ

For Tresca criterion

Oy
0-1_0-3=O-Y=2kT1 kT=7

Tension & shear (Taylor-Quinney experiment, 1931)

For Von Mises criterion

Oy
]2=§U£x+0§y=k2' Ty=ﬁ

T
For Tresca criterion r < E

Oy
0, — 03 = /a,?x + 402, = 2kr, Ty =7

Based on this experiment, Von Mises criterion seems to fit data better

» Flow rule in the plastic regime
For EPP material and Von Mises criterion, without material hardening, after yielding the

stress state will always be on the yield surface
1

J2 = 5581 = k%, Jp =548 =0
It turns out that the plastic strain is history dependent (related to the loading path) and is not a
function of stress. We thus need the incremental theory, and the form is similar to the fluid

mechanics. The associative flow rule states that plastic strain rate follows the direction of s;;

t
pl _ -pl ol _ el — _— ...
& —jeij () de, & = ysij' el =55
0

This flow rule implies that the plastic strain (rate) has no volumetric part
.pl __ pl _ pl _ -pi pl
& =0, &g, =0, & =0 te;

The factor A is related to the rate of work done

- 2u . . ) . L
/1=2—k2W, W=Sijeijf VVtotal =g+ W
This can be shown as follows, using the yield surface j, = 0 for EPP material
H . el .pl . ~ 312 . 21 2
2uW = s - 2u(eff + &) = 550 + Asyysyy = 24k, W = ﬂk



Lecture 13. Graphical representation of plasticity
» Yield surface in principal stress space
Von Mises criterion
Yield surface is a circular cylinder along the (1,1,1) diagonal direction
1 1
2= 5(312 +55 +5s5) = 5 [(0y — 0,)% + (02 — 03)* + (05 — 01)?]

In plane stress, o3 = 0 and the yield surface is an ellipse

_ 2 2 2 2 _ 2
]2—§(01 _0102+02)—k 0i — 010, + 05 = 0y

Tresca criterion
Yield surface is a hexagon inscribed in the Von Mises surface
oy, — 0, = 2k or |o, — o3| =2ky or |og —oq| = 2ky
In plane stress, o3 = 0 and the yield surface is a hexagon inscribed in the Von Mises ellipse

|0-1 - O-2| = ZkT or |02| - ZkT or |0-1| - ZkT

»  Flow rule for general ductile materials

d A
J

yaro«l(e/( veoheys

P

d?/(/l m E N— ——'—- e ,
St /] €)= 5a Sy before peid
path dorafovic

SHawo path -

Elastic regime: s;; and e;; are proportional to each other

Plastic regime: s;; follows the yield surface, e;; is no longer proportional to s;;

el pl
deU- ” dSij, dsij " Sij



Lecture 14. Example plasticity problem: Tension & Shear

5 .
o Gy s &y
_
3 . ] :
M <——-—I T’—_, 6;()( Vi EXX
\@ AQ |
A
O D 1Bk Exx
£ (Bk=oy)

Assume the EPP material is incompressible
v = 0.5, E=2u(l1+v)=3u

» Loading path 1 (Tension + Shear)

OA section: Elastic regime
Oxx = E€xx = 3UExy, Oyy = Ozz = Oxy = Oy = 0y, =0
1
Eyy = €22 = TVExx = _ngx

AD section: Plastic regime
Note that instantaneously after A, the plastic flow is in the tension direction. Plasticity strain

rate satisfies the flow rule, and under incompressible assumption we have

W
L o V =5::6:: = g:.:8: = :
&; = k2 Sij» W =56 = 0j€;j = 20xy&xy

Therefore, we obtain the equation for shear strain and stress

ey W ey € é Ty
s Oy W Oxy  Exy o Sy _ k.
k
Integration over time gives the solution
Exy(t Oy (t Oy (t Exy(t)
2u xj;(( ) = arctanh I%()l %() = tanh IZM %l
The Von Mises yield surface gives the normal stress history
1 Oy () Oxy\ 2 V3
—lg2 452 —p2 Zxx\_m (D) 2
ho=goktoh =k = 1= () £y (©)
cosh |2u T

The stress components at point A and D are

0ux(A) =V3k,  0,,(A) =0, 0,(D)=112k, 0., (D) =0.76k



» Loading path 2 (Shear + Tension)
OB section: Elastic regime
Oux = 2UEry, Oy = Opy = Oy = Oy = 0y, = 0
Evx = Eyy = £33 = Exy = Exy = £, = 0
BD section: Plastic regime

Note that instantaneously after B, the plastic flow is in the shear direction

-pl __ ir . . .
&j =opasip W =Si€y = 046y = Oxxax

Therefore, we obtain the equation for normal strain and stress

. %
—_ — — —_— — E =
Gox = Tyt T YRpa e By L (axx 2
V3 k)

Integration over time gives the solution

E Exx( ) arctanh l XX (t) Uxx( ) l .X'X (t)
V3k
The Von Mises yield surface gives the shear stress history
1 Oy (t Oxx \? 1
V3k cosh [\/§u %]

The stress components at point B and D are
0,x(B) =0, Oyxy(B) =k, 0. (D) = 1.31k, Oyy(D) = 0.64k



Lecture 15. Linear elastic fracture mechanics (LEFM)
»  Slit-like cracks

28 ek 1.

R y

ld ], "-
wh ;
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The undeformed crack has a length of 2a. The applied tensile loading is o3, = S. The crack

opens with displacement d (x) and stress singularity appears at x = t+a. For x > a we have

Ki

o, (x,y=0) ~ ,
vy (X, y = 0) o

r=x—a

This can be solved as a contact problem with equivalent loading —p,, (x) outside the crack

+1 (% di,, (x +1 ("*p,(x'
ﬁy(x) =K j y( )_K j py( ) dx’

Il — Idl’ —
At Oopy(x)nlx x| dx dx At x—x'

— 00

The integral is in fact only over |x| > a. Within the same domain we have

_ Amu dﬁy(x)_o _ A+B/x
IW=5T T Y PO e

By symmetry p,,(x) = p, (—x) we have B = 0. The infinity condition gives A = —S. Then

the normal stress on the crack plane is
Slx|
ayy(x,y = 0) = =py () = —=,
vy y P a—

x| > a

Stress intensity factor

In the polar coordinate, with the origin at x = a we have
_ S(a+r1) P a 1 K
[(a +1)? — a2 2 \r \2nr

The stress intensity factor for Mode I opening crack is

oge(r,0 = 0) asr—0

K, = Svma,  unitis [Pa-m'/?]

It is proportional to the applied loading S and the square root of crack half-length v/a.



Crack opening displacement

From the contact problem, we can obtain

K+1
i, (x) = — Sa\1— (x/a)?, x| < a, y=0"

4mtu

The crack opening displacement, under plane strain assumption, is shown as
2(1—v)
—Sa1— (x/a)?

The maximum is proportional to the applied loading S and the crack half-length a

d(x) = —2ii,(x),  d(x) =

»  Enthalpy of the crack
A mechanical system under external load will evolve in the direction to reduce enthalpy.
Enthalpy is the energy minus the work done by the loading mechanism

H=E—-AWyy

As an example, for a spring with external forcing F, its enthalpy is
1
H=> kx? — Fx

Under the loading mechanism, at equilibrium state the enthalpy is minimized

0H _ F
x> YT

For a linear elastic medium with volume (2 under traction T; on section S;, the enthalpy is
1
H=F _AWLM = j Eo-ijgij dv —j T]uj ds
0 S

For a body with no pre-existing internal stress, then we have H = —F at equilibrium state

When the system contains no crack, the energy and enthalpy are denoted as E, and H,. Then
the crack with length a appears, and they change to E; and H; under plane strain condition.

Now we can calculate the energy and enthalpy changes AE and AH

1, 1-v_, 1-v
EO =§O-ij€l']'V’ AE = TS mwa-, AH = —AF = — 2”

S?ma?




Lecture 16. Griffith criterion
» Derivation of enthalpy of the crack
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When there is no applied load 0}, = S, the energy is 0. At initial state 0, we have

1 1
— A A — — _~4 A
EO = anysny, HO = _EO = - 2 O-yygny
Since enthalpy is a state variable, we consider a reversible way to go between state 0 and

state 1. We gradually reduce the traction force Ty and T, to zero, and the two surfaces of the

crack will reach the crack opening displacement

The work done to the system, which is negative as the traction and displacement directions

are opposite, equals the enthalpy change

Sre 1—v
AH=2AW+=——j d(x) dx = ———S?mna?
2)_, 2u

The enthalpy is lowered by having the crack in the solid, because it allows the applied stress

to do more work

»  Griffith criterion (1921)
The (elastic) driving force for the crack extension is defined as
d0(AH) 1-v 1—v
= — = SZ , =
It seems that all cracks are unstable as soon as a stress is applied. However, creating a new

K?

crack or growing an existing crack requires the creation of new surfaces, which costs extra

energy related to the surface energy (per unit area) of the solid, denoted as y;

The change of Gibbs free energy of the system (per unit length), including both the (elastic)

enthalpy and the surface energy, is written as
AG = AH +vy5-2-2a = AH + 4y;a



The total driving force now becomes

_0(AG6) 1-v
tot=_a(2a) = 20 Sema — 2y
The critical crack size is
g = OF ¥
¢ m(l-v) Sz

Under a given applied stress S, cracks with length 2a < 2a, are stable (i.e., do not grow), and

cracks with length 2a > 2a, are unstable (i.e., lead to fracture)

Similarly, for a given crack size 2a, the critical stress is

_ f 8LYs
Se = (1 —v)(2a)

In general, the critical condition is fo] = 2Y;

Using the Kolosov constant, for Mode I crack opening the results are summarized as

Kk+1
d(x) = 2 Sa1— (x/a)?
K+ 1
AH = — S?ma?
8u
K+ 1



Lecture 17. Linear Elastic Fracture Mechanics (LEFM)
» Energy release rate
The Griffith criterion can be written in terms of the relation between energy release

rate G and the critical energy release rate G.. For plane strain Mode I loading, we have

n(1—v) 2
Gg=fa= T(o—;y) a,  Gc=2ys
We can also write it as
T 2 KIZ , E
Q=E(a;,“y) a=— K, = op\na, E' = T3

Under plane strain assumption, for general loading the energy release rate is
K? K K7
= — 4 — 4+ — >
g E’+E’+2u' G=G.

» J-integral (Eshelby 1951, Rice 1968)

"

The force on an elastic singularity in the x;-direction is
Ji = j(W"i — Tyw;,;) dS
s

In the expression, w is the elastic energy density, and the first term is a weighted sum of w on

the surface. In 2D problem, we have

The propagation of the crack tip can be considered as shifting the contour in the opposite

direction. Although the strain and stress fields are not exactly the same for the two scenarios,




but the enthalpy change and thus the J-integral are the same

Example 1: J-integral is independent of contours, as long as the singularity is enclosed

Define the new contour as I' = I} + B, — I, + B_. The integral on I is zero as no singularity
is included. On the lines B, and B_, the traction is zero and dy = 0. Therefore, the contour

integrals on I'; and I, are equal

Example 2: J-integral considered in Rice (1968)

v

Y =0
—U,= Caradt
#7108
. S S T
R R O e e a5
L‘I.’ S5 A T{
) R
e inns | R $3 : { h
. ]
e e Ak kL e
Otv 02> _ S
We can evaluate each segment separately
ou
J(S2) =J(S4s) = jwdy —T---ds=0
r X
ou
15 =J(5) = [wdy =7 ds =0
r X
The only non-zero contribution comes from S3
Ju
J=](S3) = ]wdy—T-—ds = wh
r 0x

The crack propagation converts one unit of strained material ahead of the crack tip, to one

unit of unstrained material behind the crack tip



Lecture 18. Linear Elastic Fracture Mechanics (LEFM)
» J-integral (Eshelby 1951, Rice 1968)
Example 3: J-integral for Mode I crack

The singular solution around the crack tip is given as

K (5 0 1 39)
Opy = — 7 COS5 — 7 C0S—

K (3 0 N 1 39)
Ogg = — 7 Cos5 +cos—

K (1 9+1 _ 39)
Org = — 4smz 25N

We can show that

—] dy—1-2ds =
]—Fwy axs_ Zu

Example 4: J-integral for a blunted ductile crack tip (no stress singularity)

The contour is chosen to be very close to the blunted crack tip where T = 0

—jd r 2y —jd
]—Fwy axs—rwy

At the blunted crack tip, the stress state is uniaxial

»  Fracture criterion & Applicability of LEFM
G§2G6. = K =K
LEFM is applicable when the plastic zone is very limited (inside K-field). The comparison

between the sizes of K-dominated zone and plastic zone is important

»  Stress intensity factor under arbitrary loading (Reciprocity theorem; Rice, 1972)
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Under loading 2 with the sample/crack geometry unchanged, the stress intensity factor is

, o)
@ __E j @ 2% 0w r
[ K(l) 3a



Example: Slit-like crack

For slit-like crack, the displacement on the crack surface is

A au(l)

20 ol X
1) yy y yy
=4+ — 2a — =+
U, —=\/x(2a — x), 2020) p

2a—x
We can obtain the stress intensity factor under the new loading scenario as

X

2a
dx=—j t(x
2a —x Vra J, )

K@ = 2t(x) ”

! 20"‘\/_]

X 4
2—xx

If the crack is self-consistent, for a uniform normal loading t(x) = S we have the same result

2
K® = 2 j ) / "~ dx = Syma = kY
I Vral, N2a—x I

This can be interpreted from the superposition of state 0 and state 1

If the normal loading is a dipole force t(x) = F§(x — a)

2a
K(2)=—j F6(x —a) ad dx=L
! Vma Jy 2a—x Vma

In this case, the crack is stable as K; decreases with the crack length




Lecture 19. Elastic-Plastic Fracture Mechanics (EPFM)

»  Size of the plastic zone (Irwin’s approach)
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At the yielding stress oy we have

K, 1 (K;\* 1 /K2
= Oy, ry = (_) ) r, =21, = —(—)
2 Y 2m\oy p Y m\oy

Now the loading in 7 < 7, is reduced and must be transferred to other region. The estimated
plastic region is extended to 1, = 2r7,. This plastic yielding can increase the toughness K.,

and also changes K;. A rough estimate is to consider the effective crack length

P Aoff
KIeff = B\/V_Vf (%) , Kleff = O;Y\/@' Qefr = A + Ty
» HRR solution (Hutchinson 1968, Rice & Rosengren 1968)

We can approximate a plastic material as a nonlinear elastic material
€ o o\"
£-2e)

The crack tip is completely characterized by the J-integral, and the stress and strain fields are

given by the HRR singularity
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As the loading increases, the K-dominated zone is the same, while both the J-dominated and

plastic zones expand. The applicability of LEFM and J-integral is illustrated above

»  Strip-yield model
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Under yielding, the crack tip at a is blunted. Now we cut the region ahead of the crack tip
to a + p and close it partially with the yield stress oy

Atx = a + p the stress field should be non-singular, and we have K°* = 0. The closure

force contributes to the stress intensity factor as

a +x
Keosure = \/——— t(x) — dx
—a’

a+p+x \/a+p—x

Oy j +
/n(a+p)a at+p—x a+p+x
a+p a
= —20y - -arccos( )

Therefore, the non-singular condition gives

’a +p a a Tol
A — . = X
oy T(a+ p) = 20y - arccos (a n p) , T o cos (2 - )

Approximately, we have

n? (ol \° K K\
~—| = =—(— z0.393(—), = gjy\Vma
p 8<ay) 4 8(ay) oy = oyT
As a comparison, Irwin’s approach gives a similar estimation of the plastic zone
1 /K\? K,
n=—(-1) ~o0318(})
 \oy oy

2



Lecture 20. Fatigue

Under cyclic loading, crack can grow and structure can fracture even when K/*** < K,

» Paris law
Cyclic loading leads to a cyclic K. The amplitude and ratio

are defined as

K.
AK = Kmax - Kmin: R = Kmm
max

For example, zero-mean sinusoidal loading gives R = —1

When the plastic zone is fully enclosed within the K-field, i (ﬁg Og;

the crack growth rate (per cycle) is found to be

da
- f(AK,R)
Paris law states the power law expression in region I
%EC(AK)"‘ 2<m<4
dN ’ -
This relation works for crack growth rate in the range of > [,%41(
o Ke

107 to 10°° m/cycle in experiments

Thiesheld

A more general expression in all three regions is
da 1 — AKy, /AK)P
—=C(AK)m( t/AK)
dN (1 - Kmax/Kc)q
where C, m, p, q, AKy,, K, are material constants

»  Slit-like crack in an infinite plate

Consider the following setup
K = opyVma, Knax = SVma = AK, Kpin =0, R=0

We want to find the number of cycles until fracture, i.e. before the crack size reaches a,

1 (Kie\?
K=Sw/nac =KIC1 a. =—(?)

I
Assume the power law expression, we have

da dN 1
— m_ r.,qcm m/2 — .q—m/2
m C(AK) C-S™(ma)™*4, da = Csmam2 a

When m > 2 we have the following result

N 1 ( —7+1 —?+1>
f = ‘1a —a
(5 —1)csmamz \° ‘




» Crack on the surface of a hole
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The circular hole leads to a stress concentration factor of 3. The stress intensity factor can be

obtained in the limit of W — o0 as a
K; = 1122 ovma = 1.122 X 3SvVna

Then the maximum loading cycle becomes

N 1 < —o+1 —7+1>
= |la —a
"7 (M _ 1) ¢ (336685)mnms2
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