
Banana-Doughnut Kernels

Figure from: 
Hung, S.-H., Dahlen, F. A., & Nolet, G. (2000). Fréchet kernels for finite-frequency 
traveltimes—II. Examples. Geophysical Journal International, 141(1), 175–203.



What is a Kernel?

𝛿𝑇 = $
⨁
𝐾" 𝒓 ⋅

𝛿𝑣(𝒓)
𝑣(𝒓)

	𝑑#𝒓

Ray Theory Finite-frequency Theory 

Eikonal equation
𝜔 → ∞

⨁ → Raypath

Elastic wave equation

𝜌�̈� − ∇ ⋅ 𝑪: 𝛁𝐮 = 𝒇



How to compute the banana-doughnut kernels?

Tromp, J., Tape, C., & Liu, Q. (2005). Seismic tomography, adjoint methods, time reversal 
and banana-doughnut kernels. Geophysical Journal International.

Zhao, L., & Chevrot, S. (2011). An efficient and flexible approach to the calculation of three-
dimensional full-wave Fréchet kernels for seismic tomography-I. Theory. Geophysical 
Journal International.

Plessix, R.-E. (2006). A review of the adjoint-state method for computing the gradient of a 
functional with geophysical applications. Geophysical Journal International.



𝛿𝑇 = $
⨁
𝐾" 𝒓 ⋅ 𝛿𝑣 𝒓 	𝑑#𝒓 𝐾" 𝒓 =

𝛿𝑇
𝛿𝑣

𝒓

To compute the kernel, our goal is:

Construct the linear relationship between model and data perturbations!

Where does our observation come from?  ……   Waveform 𝒖 𝒓, 𝑡 	!  

At receiver 𝒓!
𝑛-th waveform component
Seismogram ends at 𝑇

𝛿𝑇$(𝒓%) = $
&

'
𝐽'! 𝒓% , 𝑡 ⋅ 𝛿𝑢$ 𝒓% , 𝑡 	𝑑𝑡

Linear Functional 
between data and waveform

Fundamental Goal: Linear relationship between model and waveform perturbations

𝛿𝒎(𝒓$) 𝛿𝒖(𝒓%, 𝑡)? At specific point 𝒓" in the Earth



In reference model: 𝜌�̈� − ∇ ⋅ 𝑪: 𝛁𝒖 = 𝒇

In perturbed model: 𝜌 + 𝛿𝜌 �̈� + 𝛿�̈� − 𝛁 ⋅ 𝑪 + 𝛿𝑪 : 𝛁 𝒖 + 𝛿𝒖 = 𝒇
𝝈

Subtraction:
(With first-order Born)

𝜌𝛿�̈� − ∇ ⋅ 𝑪: ∇δ𝒖 = −𝛿𝜌�̈� + ∇ ⋅ 𝛿𝑪: ∇𝒖

𝜹𝒎	serves as scatters

𝒇

𝒖(𝒓, 𝑡) Scatter with 𝛿𝒇(𝒓$, 𝑡)

𝛿𝒎

𝛿𝒖(𝒓, 𝑡)

𝛿𝒎

Receiver



Background wavefield: 𝜌�̈� − ∇ ⋅ 𝑪: 𝛁𝒖 = 𝒇

𝜌𝛿�̈� − ∇ ⋅ 𝑪: ∇δ𝒖 = ∇ ⋅ 𝛿𝑪: ∇𝒖Wavefield perturbation:

Using representation theorem and the Green tensor:
𝛿𝝈

Using Gauss theorem, free surface condition and reciprocity:

𝛿𝒖 𝒓%, 𝑡 = $
⨁
$
*

+
𝑮 𝒓%, 𝑡 − 𝜏; 𝒓$ ⋅ 𝛁, ⋅ 𝛿𝝈 𝒓$, 𝜏 	𝑑𝜏 𝑑#𝒓$

Background wavefieldScattered wavefield

Forward wavefield

𝛿𝒖 𝒓%, 𝑡 = $
⨁
$
*

+
𝛁,𝑮 𝒓$, 𝑡 − 𝜏; 𝒓%

-.#
: 𝛿𝝈 𝒓$, 𝜏 	𝑑𝜏 𝑑#𝒓$

Backward wavefield



Waveform Kernel

𝐾/!"#$
0% 𝒓$, 𝑡 =

𝛿𝑢1
𝛿𝐶2345

𝒓$, 𝑡 = −𝜀23
6 𝒓$, 𝑡 ∗ 𝜀45 𝒓$, 𝑡

Forward wavefieldBackward wavefield
(Adjoint wavefield)

Corresponding adjoint source: A point source at receiver 𝒓! in 𝑛 direction

From Waveform Kernel to Travel Time Kernel

𝛿𝑇$(𝒓%) = $
&

'
𝐽'! 𝒓% , 𝑡 ⋅ 𝛿𝑢$ 𝒓% , 𝑡 	𝑑𝑡 𝐾(#$%&

'! 𝒓) = $
&

'
𝐽'! 𝒓% , 𝑡 ⋅ 𝐾(#$%&

*! 𝒓𝑸, 𝑡 𝑑𝑡

𝐾/!"#$
7% 𝒓$ = −$

*

7
𝜀23
6 𝒓$, 𝑻 − 𝝉 ⋅ 𝜀45 𝒓$, 𝝉 𝑑𝜏

Forward wavefieldBackward wavefield
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Rays VS Waves

(A debate between MIT and Princeton)



Mantle Plumes: Finite frequency tomography gives larger velocity perturbation 



Wavefront Healing Effects (Hung et al., 2001)





A “Hole” in the Kernel?




