CME 306 Computational Methods of Applied Mathematics

Instructor: Lexing Ying
Topics to be covered:

® ODE (2 weeks)
® PDEs:

¢ Elliptic: FDM, FEM (2 weeks)

¢ Parabolic: FDM (1 week)

¢ Hyperbolic: FVM (2 weeks)
® SDE: Stochastic DE (1 week)
® Monte Carlo methods: MCMC (1 week)

® Wavelets & FFT: Applied harmonic analysis (1 week)

Textbooks:
® ODE: S.H.D.
® PDEs: Larsson + Thomee, LeVeque
® SDE & MCMC: E et. al.
® Wavelets: Mallat, Chapter 7



Week 1: Lecture 1. ODE Recap.
x@) = f(tx@®), x(0)=x, t>0, x(t)eER

Find a solution whose slope satisfies the specified vector field

» Existence and uniqueness
Ex. 1: x = x2, x(0) = 1. The solution is x(t) = 1/(1 — t), only local existence

Ex.2: x = +/x, x(0) = 0. One solution is x(t) = 0. In fact, there are infinite solutions:

1
—_ —_ 2 >
x(t)={4(x s)?, X=s
0, x<s

Consider only f(t, x) that is Lipschitz in x:

VtE[O,T], vVx,y, If(t,x)_f(t,}I)ISLIX_YI
Intuitively, this condition means that

of
a(t,X)| <L

Ex. 1: f,(t,x) = x, not bounded by L for x — oo

Ex. 2: f,(t,x) = 1/(2v/x), not bounded by L for x — 0

Thm. If f(t, x) is Lipschitz in x in t € [0, T], then the solution to ODE exists and is unique.

»  Gradient system (related to ML) U< o
Optimize the energy loss function U(x) by

x=-V,U(x)
If e is stationary, then the gradient is 0. —— 4 —> X

» Hamiltonian dynamics
From the Newton’s form with potential U (x)

X =-V,U(x)
We can define the Hamiltonian dynamics in the form

qgq=x, p=x, q=p  p=-VU(Q)



In this system, the energy is conserved

F=C4U@, B =pp+ VU@ =-VU@Pp +VU(@p =0

» Damped Hamiltonian dynamics (e.g., exponential form of decay)
q=p, p=-VU(q)—4p
If the damping is extremely strong (4 >> 1)

VU(g)
VU@ - =0, p=-——
Putting back to the system gives the form of the gradient dynamics
: VU(q) u
q=p=-—yF ——V<I)(q)

The gradient system is the limit of a damped HD. In ML, the momentum GD (Gradient

Descent) is equal to the damped HD.

» Numerics
From Calculus (derivative = limit of difference) to Numerics (derivative ~ small difference)
To solve the following ODE:
y=fty), y0=0 - tel0T]
For a step size h and the number of points N = T /h
Yo =Y(tn),  Wa=y,=y(t,), t;=ih
An approx. equation of the exact solution is H ’[‘ ﬂ(-b)

Yn+1 — Y
= ()

Now we set the following (exact solution for approx. ODE)

w = f(t,w,)

-1
Explicit Euler method: k— 2’1/

Wnt1 = Wy + h- f(tniwn)
Implicit Euler method:

Wni1 = Wy + h - f(tn+1'Wn+1)



Trapezoidal method:

1 1
Wht1 = Wq +h Ef(tnﬂwn) + Ef(tn+1ﬂwn+1)

»  Proof of Explicit Euler method

To estimate the error e,, = |y, — Wy, |, from Taylor expansion we have

1
Yn+1 = Yn T h - f(tn' yn) + Ehz ' y”(fn)' fn € [tn' tn+1]
The remainder can be bounded considering |y"' (¢,)| < M. According to the Lipschitz

condition, now the error term becomes
1 1
en+1 < en +hIf (to yn) = f(ta, W)l + SR M < en (1 + hL) + 5 h*M

Lw L L Lw
L& < _ —
ens1 + TR (1+ hL)e, + 2h M + L (1+nhL) e, + L

Therefore, the error is bounded by (note that e, = 0)

5h*M %th
hL S (1 + hL)Tl * eo +

M 1
T < ML TR using (1 + hL)RL — e

And we can obtain the bound of the global truncation error

hM
enS(e”hL—l)-Z ~ eTl ., vn € [1,N]

Note that the error converges:

max e, = 0(h) - 0, h—-0

1<sn<N

However, the exponential term e* can destroy all analysis for large time T

Explicit Euler converges, but the convergence is too slow, and there is an exponential

error blow-up with the factor e’’.



» Runge-Kutta method

For previous Euler schemes
Y(tns1) = y(ta) + h-y'(t) + O(h?)

The remainder O (h?) gives rise to the final O (h) truncation error.

The second-order derivative is

12 d !
y :E[f(t'y(t))]:ft-l'fy'y :ft+fy'f
However, for engineering problem the function f is usually a black box, which is impossible

to evaluate the analytic derivatives of f.

To obtain numerical schemes with higher order of convergence, we write

1
Y(tne1) = y(ta) + h-y'(tn) +5h -7 (t) + 0(h%)

The idea is to approximate y'* (and y') with f evaluated at carefully selected locations:

Y(tne1) = y(ta) + hlaif(6,9) + axf(t + &,y + 8f (£, )]
Now we need to choose a4, a,, €, § by matching it with Taylor expansion
h
fH5(fe+fy-f)=af +a(f +efe + 1, - 6f)
The above equality should be true for all possible f, f;, f,,. We thus obtain
a, +a; =1, azezi, a26=2
Now we can obtain different numerical schemes.

Several second-order RK methods (need 2 function evals):

:O’ :1' :6:—
a, a, £ >
h h
Wnt1 = Wp +hf tn +E'Wn +Ef(tn)wn)

1 1
Wnt1 = Wy + h- [Ef(tnﬂwn) + Ef(tn + h, wy + hf(tn'wn))]

These methods have 0(h?) accuracy, e, < et - 0(h?)



Fourth-order RK method:

1
Wn+1 :Wn+g[k1+2k2+2k3+k4], Ienl SeLT'O(h4)

h ky
ko= he flmn), ko =l f (6 + w0+ 2)

h k
ks =hef(tat gt =), K= he flty+ hwy + )
Topics for next lecture:

Stiffness of the gradient dynamics

Symplectic scheme of Hamiltonian dynamics: O(h) and O (h?) schemes



Week 1: Lecture 2. Stiffness & Symplectic schemes

»  Stiffness of an ODE system ¢3
Consider a vector y(t) with 4 > 1 I

YA = -4, yA0) =1 I

yE) =-y(), yP(0) =1 " t
The solution is ° >

A =e™,  yi)=e* Ay
“Boring” or “interesting” solutions depend on the observer. | HB
For a much faster time scale, y? is nearly constant and g A

becomes the “boring” solution.

L 1cns)

In terms of matrix notation
yo=-[0 2y
In a different basis
My(t) = —M [g (1’] M-IMy(t),  z(t) = —Az(t)

Usually our problem is given in the second form, but doing matrix diagonalization at each

time step is very expensive.

Consider how to solve y(t) numerically using explicit Euler methods
Witr = wil +he (=) - wi = (1 - h)w], Wi = (1= Rwy
Recursion gives (withwgl = wg = 1)
wi = (1—-hD)", wl=(1-h)"
Both exact solutions decay with time, so at least we want
w, = 0, n — o
To obtain this asymptotic behavior, we need

|1 —ha] <1, [1-h| <1

2
0<h<z, O0<h<?2

Because 4 > 1 we are forced to have 0 < h < 2/4 due to part A, the “boring” solution.

For explicit Euler method, the “boring” part forces us to take tiny step size.



Stiffness: For a linear ODE system, if the exponential decaying behavior is drastically

different among components, then the system is a stiff system.

On the contrary, for implicit Euler method

A A A B _.,B B
Wi = Wi — hAw), 4, Wei =W, —hwy
A B
A wy, B Wy,

Wnt1 =700 Weni T

Recursion also gives

1 \" 1
A_ B _ _
Wn (1 n h/l) r Wn (1 n h)

To obtain the asymptotic behavior, we need

|1+ hA] > 1, [1+h]|>1
This leads to a trivial condition h > 0. Note that this only guarantees decaying solutions, but
not accurate solutions. For implicit Euler method, the choice of step size h is not restricted

by A, but is dictated by the desired accuracy for the “interesting” part.

» Application to example stiff systems
1. Heat equation includes rapidly decaying high-frequency mode (“boring”) and slowly
decaying low-frequency mode (“interesting”)
Up = Uy
2. Plate equation (very stiff system)

U = —Upxxx

» Trapezoidal method for a stiff system

1 1 h ha
Wiy = wil +h [Ef(er) + Ef(erﬂ)], (1 + 7) Wiy = (1 - —) wi

The recursive solutions are
n n
WA:<2—hA) WB:<2—h)
"o\2+h1) " \2+4+h

Again h > 0 is enough to guarantee the desired decaying behavior.

For stiff systems, explicit methods do not work, while implicit methods are appropriate.



Extra notes: For Schrodinger equation, all modes are rotating around a unit circle, which is
hard to determine “boring” or “interesting” modes. WKB methods are applied to solve

specific modes efficiently, avoiding the usage of tiny time step size.

» Gradient descent system for optimization

x=-V,E(x)
2

Ax
E(x) = — V.E(x) = Ax, X =—-Ax

If the goal is only to find the minimum e, we can use different ODEs
x=—-M(x)-V,E(x), x € R%, M(x) € R**? is sym. pos. def.

The reason is that the derivative is still negative (energy still decreases)

d
EE(x(::)) =V,ET(x) - x=—-V,ET-M-V,E<O0

» Hamiltonian system & Symplectic integrator

) =p®) =Hy,, PO =-Y,V(q®) = -H,

H.S. is everywhere, and the long-time error can be treated to not blow up (instead of eT)
The Hamiltonian is defined as 2 AP C‘U‘t), Pd;))
p
Hap) =5 +v@) ‘\
And it is conserved over time (energy conservation) c(lo’ % )
d . .
=1 =H,q+Hyp =H,H, +H, - (-H;) =0 —>q/

The symplectic form is a signed volume form
dg ANdp = —dp Adq
The HS also preserves the above symplectic form dg A dp. Consider time t = ¢
q(e) = q + Hye + 0(£?), p(e) =~ p— Hye + 0(e?)

The wedge product becomes

dq(e) Adp(e) = dq Adp + dq Ad(—Hye) + d(Hye) Adp + 0(e?)



The chain rule gives
dH, = H,,dp + Hp,dq, dH,; = Hypdp + Hyqdq
Note the following properties of the symplectic form
dpANdp =dqAdq =0 ("zeroarea"
So we have
dq(e) Adp(e) = dq Adp + e(—dq A Hypdp — dq A Hyydq + Hyydp A dp + Hygdq Adp) + 0(e?)
dq(e) Adp(e) = dg Adp + 0(£?)
Therefore, we have the conservation of dq A dp

d dp(e) — dq(0) Adp(0 d
q(e) ANdp(e) . q(0) Adp( ):0(8), E[dq(t)/\dp(t)] =0

Hamiltonian H(q, p) and volume form dq A dp are preserved along the Hamiltonian system.

Therefore, f(H)dV is also preserved.

Goal: Design numerical schemes for H.S. such that
H(q,p) is approx. preserved
dq A dp is exactly preserved

These schemes are called symplectic integrators.

1. Euler-B method
g™t = q" + AtH, (g™, p™+Y)
p™*1 = pn — AtH,(q", p™*?)
Numerically, the second equation is solved first. This is in general an implicit scheme.

However, for a decoupled Hamiltonian
2

H(g,p) = % +V(p), Hy=V'(q)

This Euler-B method becomes explicit when H, (q, p) only depends on g

2. Euler-A method
qn+1 — qn + Ath(qn+1'pn)
pn+1 — pn _ Ath(qn+1’pn)



Numerically, the first equation is solved first. With the standard Hamiltonian, we then have a
fully explicit scheme

g™+l = g + At - p"

p™+l = pt — At - V' (g"1)

Applications: Celestial mechanics and Fluid dynamics



Week 2: Lecture 3. Symplectic schemes
» Review on Hamiltonian system

Example to be working with (related to Newton’s law):

1 ) ' ,
Hgp)=5p°+V(@, q=Hy=p, p=-H;=-V'(Q
Two important properties:

1. Energy H(q,p) preserved along the flow

d
ZHa®.p@®) =0, H(q®),p®) = H(q(0),p(0))

2. Symplectic form dq A dp preserved along the flow (constant area)

d
—|ldq(t) Adp(t)] =0
7¢ 1da(®) A dp(D)]
» Review on Euler-B method
q™*t = q" + AtH,(q", p™*), 2nd step
p**tt =p" — AtH,(q™, p™ ), 1st step
In general, the scheme is implicit due to the first step. But for our H(q, p) the scheme

becomes fully explicit (decoupled Hamiltonian)

qn+1 — qn + At - pn+1’ pn+1 — pn — At - Vr(qn)

»  Euler-B method exactly preserves the symplectic form
For our decoupled Hamiltonian, the differentials are expressed as
dq™t! = dq™ + At - dp™t1, dp™1 = dp™ — AtV (q") - dq"
Therefore, the symplectic form is
dq™! Adp™! = dg™ Adp™tt + At - dp™tt A dpnt
=dq" Adp™ — At -V"(q") - dq" Adq" =dq™ Adp™

For the general case, the last step uses the property of symmetry matrix

»  Splitting method
For matrices A, B of O(g), we have

ed*B =+ (A+ B) + 0(£?)



edef =(I+A+0())I+B+0(?))=1+(A+B)+0(c?)

When 4, B are large matrices, calculation of e4, e? and e4e® is easy, while e4*5 is very hard

Example: A = Aand B = V(x). e®4 = e*2 is the kernel for heat equation, e®® = V™ only

involves matrix multiplication. u, = Au, u(e) = e®*u(0).

Consider the Hamiltonian is decomposed into

p?
HOp,q) ==, HP@,q) =V(9)
Step 1: Apply explicit Euler on H®
q= H,ﬁz)(q,p), p= —Hf,z)(q, p)
We obtain the intermediate results

g=q" p=p"—At-V'(q")

Step 2: Apply explicit Euler on H(™®)

G=H"@p). p=-H (P

Using the intermediate results, we have
g™ =G+ At-p = q" + At - p™Hl
p"tt=p=p"—At-V'(q")

This is exactly the Euler-B method. If we apply H(® first, then we get the Euler-A method.

»  Strang-splitting method
If A, B are of O(&), we have

B B
edtB = e2 edeZ + 0(e3)

This can be shown as below:

_ B B? 3 y A? 0(&3 B B? (&3
= I+E+§+O(£) I+ +7+ (8) I+E+§+ (S)

A? + AB + BA + B?
2

B
2

N|

ez ele

=I+(A+B)+ + 0(&3) = e4*8 + 0(e3)



Remark: We only need to implement e and e® within accuracy of 0(&3).

eB/2 — Lg, + 0(e?), ed = Ly + 0(e3), Lg/LaLlg/, = e4*B + 0(e3)

»  Strang-splitting method on Hamiltonian system

1. Implementation for H® has 0 (At?)
- H(z) -0 - _H(z) =y’ 5= 1" i
q=H,"(q,p) =0, p ¢ (@) (@, P (@q

2 2
qzq”+At-0+Ai-0+0(At3) ﬁ=p”—At-V’(q")+£-O+O(At3)
2 ’ 2

l
2. Combine Euler-A and Euler-B by Strang-splitting Hl.l) \
H(Z)f E n+1/2 _ .,n _E V’( n) EM.B -, '
or —= p =p ) q atl2 T H")
Ve |
H® for At: g™ = q" + At - p™+1/2 - )H
!
At At [ i
(2) _ . +1 +1/2 _ — " ! +1
H* for —- p"™* =p" > V(@) ;//m) Euler-A
This can be combined into a better scheme on the staggered grid "'—"“i at/2
1 1
p"2=p" 2~ At-V'(q"™) P 9
qn+1 — qn + At - pn+1/2 n-l4
This the Verlet integrator with global error of 0(At?). Since both Euler-A n -n
and Euler-B preserve dq A dp, Verlet integrator also does. I %‘7
M n+|
n3/2)

3. Hamiltonian is conserved for Verlet scheme

We use harmonic oscillator as a simple example to prove it

r* q
H(q,p) =7+7,

2

V'i(e) =q
Start with a surrogate Hamiltonian

~ 1

H, = E(Przl—1/2 +q; — At - Pn-1/2" qn)

We can prove that this surrogate (‘“shadow”) is exactly preserved

~

Hn+1 = Hn



This is shown as below, by repeatedly using the expression of Verlet scheme

2H, = P, 1 (pn_% — At qn) T =P, 1P, 1 T =P,,1 (pn% + At qn) + qn

n 2

2Hpa1 =P, 1+ G (qn+1 — At pn%) =P, 1+ Gl =01+ dn (At Pt qn)

Now define the following H,, and it is approximately conserved
2

2
_ qn , Pn-1/2
Hn = H(Qn’ Pn—1/2) = 771 + Tl2 4\ ~
This is shown by calculating H H
2 2 o AANA/ AAY\A/—
- Pn-1/2 4
E(Hn_Hn):pn—l/Z'an 712 +7n:Hn t
3 |
2 ~ At 0 -
HnSZ_AtHnr Hn_HnSZ_AtHn 'tl ‘l’:lb
Therefore, we have
~ ~ o 20t
Hi—H=(H,-H)-(H-H)+ (0 -H), |H-H|< 5 Mo

For general Hamiltonian H(q, p), the Verlet integrator guarantees

|H(q"™, p™~'/2) — Energy| < 0(At°9€T) for exp.long time ~ el/At

» Verlet integrator is second order

From Taylor series, we have

y= (g) = (- I’j(q))' V= (—V”?(q) q) - (—;Kl((qq))p)

(7)) 80 ) 307 () o

The analysis of Verlet scheme gives

1 1
qn+1 — qn + At [pn _EAt . V’(qn)] — qn +At . pn _EAtZ . Vl(qn)

1 1
pn+1 — pn _ EAt . Vr(qn) _ EAt . Vr(qn+1)

1 1
= " =S AL- V(@) — 5 ALV (g") + V(@)@ — )]+ 0(AE)

1 1
= p" = ALV — SAE -V (q") - At [pn — S8tV (@] + 0@ar)

1
=p"—At-V'(q") — EAtZ V" (@M)p™ + 0(At3)

Up to the second order term, Verlet scheme is accurate. Hence its convergence is O (h?)



» Topics covered in ODE
v" Explicit and Implicit Euler, Trapezoid, RK
v’ Stiffness
v' Splitting method
v

Symplectic schemes for H(q, p), Euler-A/B and Verlet scheme



Week 2: Lecture 4. FDM for Elliptic PDE
» Two-point boundary-value ODE problem
—u"(x) = f(x), u(0) = u,, u(1) = ug, inQ = (0,1)
For a 2" derivative, consider its value at point x
ulx +h) +ulx—h) —2u(x)
h2

The 2™ derivative “compares the average of neighbors with itself”.

u”(x) —

+ 0(h?)

Ifu'' (x) = 0, then the local average is equal to the value at the point. Unless u(x) = const.,
there exists neighbors larger than itself. Therefore, the max and min are always on the

boundary. This is called the maximal principle.

> Discretization & Finite difference

To discretize: Domain and Derivative operator .

{
Goal: Look for U; = u(xj) with Uy = u,, Uy = ug Yo i m—l

The derivatives are approximated by finite difference with the following notations. For 1%

derivatives, the forward, backward and central differences are defined as

U1 — U ~ Ui —Uj4 A U1 = Uj4
U, =L~ U, =L —2— o, = L —2—
J h ’ J h ’ J 2h
For 2™ derivatives, we can show
_ U.,—2U: + U;
_ j+1 J j—1
a(an) - h2

»  Accuracy of finite difference

Define the unknown exact solution as (restriction of exact solution on the grid)

uj = u(xj)
The accuracy of derivative approximation is bounded by

|0w; — u'(x;)| < Ch?|ulcs, lulps = r)rcleagq|u(3)(x)|

|00w; — u''(x;)| < Ch?|ulcs, lul s = r;1eag<|u(4)(x)|

M



As an example, for central difference we have
h? h3
u(¥jen) = u() + ' () + 5w () + 57u®(§)

Ujyr — Uj—g = 2R -0/ (%) + O(R®)|ul s, |0w; — u'(x;)| < Ch?ulcs

»  Finite difference scheme
—u"(x) =f(x), —00U;=f; for j=12,.,.M—1, Uy=u, Uy =u
We have M — 1 unknowns and constraints. At the boundary (j = 1, M — 1), we have
2U; — U, =h*-fi+ U,  —Uy_o+2Uy_1=h* fy_1+Uy

The interior constraints give
—Uj1 +2U; = Upyy = % - f;

The linear system has the form of AU = F, which is h-dependent

- U h2f, + U,
-1 2 -1 1
bt u || w2
-1z Upm-1 h?fy_1 + Uy

-1 2

The tridiagonal system can be solved by LU factorization
Discrete U] = uj _l]j—l + ZUJ — Uj+1 = hzf}

Continuous (exact) u(xj) = u; —u"(x) = f(x)

»  Analysis of FDM: How accurate is U;?
General goal: How much the discretized exact solution satisfy the discrete equations (i.e.,

moving the continuous universe into the discrete universe)

Discrete maximal principle: For some vector V and the augmented linear system A4, if the

vector V satisfies the inequality in its piecewise sense

-1 2 -1 Vo
) 1 -1 2 -1 A i
AV = 7 i |<o, A, € RM-DxM+1)
-1 2 -1 V-1



Then the maximal value is on the boundary

max V;

j=01,-M 7 = max(Vo, Vi)

Proof. For each interior j we have

Vil +V;
—Vi_y +2V; = V;y; <0, V]S%

If V; = const,, it is obvious. If not, we can repeat the comparison until hitting the boundary. #

Now introduce the following notations

Q=(0,1), Q=1[0,1], |z|s = max |z|
ijS

As an example

|z|Q—. max | | |z|lg = max| |

Lemma: More generally, for any Z we have

jmax |1Z;| < max(1Z,|, |Zy]) + C _max_ |(AhZ)j|

1Zlg < max(1Zol, 1Zy 1) + C - IAhZIQ

Proof. Introduce a parabola
2

_1 1) 0<wk) < L lw|.e =0
w(x)—4 (x 5) =wl) <7, Wlcs =
Then at the mesh points we have
1
W =w(x) < 7
Define and calculate
.\ 1. b 1. _ +_
VE=+7 —§|AhZ|QW, Vi =+2, —§|AhZ|QW0 =17, Vi=4Zy
Py o (F T -
(4v*), = £(4,2), - |4z, < 0

Now we apply the Discrete Maximal Principle

1, .
V=17 - 2 |[AnZ| ,W; < max(Vy', Vi) = max(£Zo, £Zy)

1, . 1,.
Z; < max(Zy, Zy) + 3 |4,2| o ~Z S max(=Zo,—Zy) + 3 |4,2| o
Therefore we prove (the pointwise version)

1,.
|Zj| < max(|Zy|, |Zy]) + 3 |AhZ|Q



Week 3: Lecture 5. Error analysis of FDM for Elliptic PDE
» Max-norm error analysis
Theorem: The error bound is
U — ulg < Ch?|u s
Remark: The method is O (h?), but the error depends on |u| .+ (regularity) which may not

exist (or regularity is not guaranteed)

Proof. We define

To apply the Lemma, we need to calculate
(4n2), = (AU); - (Au); = f; - (—

P S
_ —u”(xj)—<—u]+1 hi} Uj 1)

Therefore, the |4, Z| ,, term is also bounded by

- Uinqg — 2U; +U;_
|(42) | = [A = ()

Using the previous Lemma, we have

< Ch?|u] s, |/Ihz|Q < Ch?|u| s

U — ulgq < max(|Z,l, |Zy]) +C - |Ahz|Q S Ch?|ul s

This theorem is about the infinity norm |U — u/|, using the maximal principle. However, for

solving the linear system we usually use 2-norm ||X — x|| 2

»  L?-norm error estimate
For FDM, we have the tridiagonal linear systems for the approximated and exact solutions
MU=F, Au=F-1, |f|<0®?
Therefore, we have
ApZ = AU —u) =1, 1Z1l2 < 143 2oz - NITll 2

Now calculate the [?-norms

lIzllz =

M-1
Z 5" s VMh* < VMR2 (~ h'5)
j=1

For the Aj, matrix, it is a TST (Toeplitz symmetric tridiagonal) matrix. For a general TST

matrix of the form



The eigenvalue decomposition is

1 nj 2 (mjk
A=QAQ ", A =a+2p cos (M)' Qje = |375in (7)
For our A, the eigenvalues are 4 N

/1_4[1 1 (nj)]_4 _2<nj) [
i = hzl2 7 2% )] T R o /
l

The first and the last eigenvalues are about

n? =V

4
MR =1~ 0), Ay~ |
Similarly, for the inverse matrix A, we have N
|
147 22 = max 47 ~ 0(1)
£
The meaning of the matrix norm is % Lo
—_ L —)J
14l b2 M
lAll;2-,2 = max = max [[Av]|;
v vl wlz=1
As a summary, on the average sense we have |Zj| is about 0 (h?)
1Z1l:2 < 145 2oz - lizllz S VMR2, - |z| ~ O(R?)
» 2D PDE example: Poisson equation {ﬁez

—Au = f, x € Q=1(0,1)? u(x) = 0 on boundary 00

Discretize the domain: Introduce j = (j;, j,) and define
xi = (ihj.h),  w=u(y) U=uw, e =(0), e =(01)
Discretize the operator: The Laplacian is approximated with central difference
0,0,u ~ 0,0,U,  —0,0,U; — 0,0,U; = f
At point j the equation becomes

1 o
ﬁ(‘wj ~Uj-e, =Ujre, =Uje, = Ujse,) = fj,  1<jpjp<M—1

The linear system needs to be written carefully. The number of the unknowns and linear

equations is (M — 1)2. The ordering is important.



Row ordering scheme ’P‘XZ_ c e eM-D?
The vector U and F is ordered as ) .
T
U= [Up o Upgeg, Ungy - Uy e oo ) U(M—1)2] - 202
F = [Fy, -+ Fy_1,Fy, - F Fa_nz] 2 M
= ' M—-1, ' 2M—2» » £ (M—-1)? >X|
The linear system AU = F looks like
rD —-I 0 O 0 - 07 r4 -1 0 0 0 - 07
-1 D -1 O o - 0 -1 4 -1 0 o - 0
110 -1 b -1 0 - 0 o -1 4 -1 0 - O
Ap=psli v s i with D=
o - 0 —-I D -—-I 0 0 O -1 4 -1 0
0 - - 0 —I D —I 0 -« = 0 -1 4 -1
Lo . . . 0 = DI o0 . . . 0 =1 4l

As an intuitive example, for M — 1 = 3 we have

r4 -1 0 |-1 O 0 0

-1 4 -1,0 -1 0 0
0

oo © ©
O Ol © O
|

Ay = 2 o -1 0 (-1 4 -1|0 -1
0 o -1 0 -1 4 0 0 -1
0 0 0 |-1 0 0 4 -1 0
0 0 0 0o -1 0 (-1 4 -1
-0 0 0 0 0 -110 -1 4-

Now the matrix is a banded matrix of b = O (M) band. The LU cost scales as
Nb? = M? - M? = M* = N2



Week 3: Lecture 6-1. Error analysis of 2D FDM for Elliptic PDE

»  Error analysis for Poisson equation

Discrete maximal principle: Consider V = (V}), 0 <J1,j2 < M. Suppose (/IhV)j <0,

then IV achieves its maximal value on boundary.
Proof: The condition gives

4V] - ‘/}—31 - V}+e1 -V

Jj—éz

- V}+32 =0, VJ = Ave(V}'—ef VJ'+€1’ V]'—ez’ Vj+ez)

This means V; is smaller than at least one of its neighbors, unless the function is constant.

Recursively, this comparison continues until hitting the boundary
Lemma 2: Suppose (AhZ )j is not all zero, we generally have

1Z|g < %gg|zj| +C|4,Z|
Proof: Similarly construct a function

G =5-(a-3) +3- (=)
*T\22)l TaT\\iTg) T\ T3

Then we apply Discrete Maximal Principle to the following vector

1
W(X') = E—

1.
z* =Z—Z|AhZ|QW

Max-norm error analysis: To analyze the error, we have
(AhU)] = f}', (Ahu)] = —Au(x]) - Tj = E - Tj, Tj < ChZI'LLICz}

(AhZ)j = [A,(U _u)]j =T
Based on Lemma 2, we obtain

1Zlg < |Z] 50 + Cltlg S h*|ulcs

L2-norm error analysis: Following 1D case, we still have
AZ =AU —-u) =7, 1Z1l2 < AR 202 - Il 2
Kronecker product:
b;,C -+ by, C
B®C=[ P

b€ -+ bypnC
Therefore, the 2D FDM matrix A, can be written from the 1D FDM matrix By,

A, = By®I +I®B,, B, I € RM-DxM-1) 4 g RM-1D*x(M-1)*

The eigenvalue decomposition becomes

Ap = (QAQN®(QIQT) + (QIQT®(QAQT)



= (Q®Q)(ARN(QR®Q)" + (QRA)URN(Q®Q)"
= (QRQ)(ARI +I’N(Q®Q)"

The eigenvalues of 4, are

4 L (mp
/1p,q = Ap(B) +Aq(B), AP(B) = ﬁsln (m)

Hence, the eigenvalue spectrum is basically the same with By, with an extra factor of 2

Precisely, we have the L2-norm error bound

1Zllz < AR 2oz - llzllz < izl

On the “average sense”, we have |Zj| ~ 0(h?).



Week 3: Lecture 6-2. Hilbert Space
Finite element method solves the following elliptic PDE
—Au=f or —V-(a(x)Vu) =f

» Introduction to Hilbert space

Linear Algebra Hilbert Space
Vectors R™ “oo-dim” vector space V
Llne'ar functional Wy R™ - R L.V >R
(Linear form)
Bilinear form u’Bv: R®* X R" - R B:VxV->R
B;; = B;; B(u,v) = B(v,u)
. Pos. Def. Y ot ’ '
Sym. Pos. De wiBw >0, w#0 B(u,u) >0, VueV, u#0
Distance (Norm) llullz = VuTBu lullg = vBu,w)
llullsemi = 0
Semi-norm (e.g. ||uS||eml = |uqgl) .”ullsefni = 0.
] semi = | Triangle inequality
Triangle inequality

Example: V = L?(R), square-integrable function space is a Hilbert space

B = [ fwgwdr,  Wfllz= |[ rred

— 00

Example: V = H}(R), an example of Sobolev space

B(f.g)=f fg+Vf-Vgdx, ||f||yl=jf f2+1VfI? dx

Definition. Hilbert space (V, ||-||g) is a complete inner product space. This means:
1. Bilinear form B on vector space V' is sym. pos. def. (i.e., inner product space)

2. V is complete (i.e., every Cauchy sequence in V is convergent)

Equivalent norms
For linear algebra, two norms are always equivalent:

Vu € R", IYap Tap >0, Yasllulls < llulls < Tapllulls
For Hilbert space, we define that the two norms are equivalent when

Vuelv, AV ap, Tap > 0, Yasllulls < llullg < Tapllullp



Bounded linear operator

For linear algebra, the linear operator M: R™ — R™ is always bounded.

For Hilbert space, we define that the linear operator L: (V, ||-|lg) = (W, |||l 4) is bounded if
3AC, € R, ||Lull4 < Cllullg, Yuev

Therefore, we can define the norm of a bounded linear operator

[l Lull 4

LIl =
uev\{o} llull

Dual space: The set of all bounded linear functionals L: V — R on V is the dual space V*. The

(dual) norm in V* is (norm on a dual space, same definition as above)

IL(w)|
ILlly+ = sup
uev\{o} llull

, LEV”

Riesz representation theorem

For each bounded L: V' — R on the Hilbert space (V, ||-||), there is a unique x;, € V such that
Lu=B(x,u), YuevV LI+ = llx.ll5

Remark: We can thus identify the linear functionals L € V* with the associated x; € V. Now,

we obtain another Hilbert space (V*, |||l z+)

Example: In linear algebra, any linear functional Lu = w”u can be represented by an SPD
bilinear form (B-SPD)

wlu=x'Bu, x,=B'w
The inverse B~1 is also SPD. Now we can define a dual way to measure L in the dual space,

and it is the same with the norm of its representation x; :

ILllgs =vw'B~'w,  |lx.llz = VW 'B™'w

The two norms are linked through the representation theorem

Poincare’s inequality

Wfllgx =] F2+IVFI2dx,  |IVFll = f[ ]IVfIZ dx, fll=] f*dx

[0,1]
Poincare’s inequality gives

VAl < Ifllgr = C-1IVFI

This implies that the first two norms are equivalent

VA< W g WVFI 2 AFIL Af e e £



Week 4: Lecture 7. Introduction of Sobolev Space
» Review on Hilbert space

Linear Algebra Hilbert Space
Norm lxll = VxTBx lulls = vVB(w,uw)
Linear functional T(x)=1"x eR L:V->R
Riesz Represent. I"Tx =u"Bx, u=B"1l Ju; €V, l(x) =B(u,x), Vxe€V
Dual norm Illp-2 = llull = VITB-11 Itz = llwll

In finite element method (FEM), for Hilbert space (V, ||-||5), we want another bilinear form
A which is symmetric
A(u,v) = A(v,u)
bounded with respect to B
|A(w, V)| < Mllullgllvllz,  Vu,veV
and coercive in V
Alw,u) = allull3,  VYu=#0

The above is analogous to max. eigenvalue < oo and min. eigenvalue > 0 in linear algebra

Now we can define another space (V, ||-||4), and the two norms are equivalent, because from

the properties of A we have

allullf < AQw,w) = |lulld < Mllully,  Vallullp < llulla < VM|lullp
coercive bounded
Suppose A(+,+) is symmetric, bounded, and coercive. We claim that (V, ||-||4) is also a Hilbert

space. Given a linear functional, by Riesz rep. theorem we have
Ju, €V, s.t. A(u,v) =1l(v), Vv eV, llwilla = 1140
Now let v = u;, we have

allullg < Al w) = 1w < llullsllls,.

coercive bounded linear functional

This leads to (energy estimate)

1
allwlls < Wlip.  lwlls < litls.

Remark. Even though we use a problem-specific norm A, we can still translate the result into

a ‘common’ norm B, with the only difference being a constant factor



Projection
Suppose a subspace W c V, the projection w € W of v € V satisfies ||u — w||3 is minimized,

and v —w Lz any vectorw’ € W

Connection with optimization

Let u € V be the solution of A(u, v) = [(v), Vv € V. This is equivalent to an optimization
1
min-A(u,u) — l(u)
u 2
As an analogy, the linear system Au = [ is equivalent to an optimization problem

in E E()—1 TA I’ aE—A =0
min (w), w) =5u Au u, 5y = Au =

Example: L, space for a compact domain ()

L (@) = {f | [, f2(x)dx < 0}

A(f, 9) = fﬂ @ g@dx,  fllm = / fﬂ If GO [2dx

> Weak derivatives

For usual derivatives, we have the integration by parts ifc )
| r'gdx=folon | 'f dx —/
Q Q

Now consider f is not differentiable (e.g., jumps, kinks). If test function g is smooth, the LHS
is bad while the RHS is still appropriate. We want to define the derivative for f(x) as a linear
functional Df such that for any smooth g(x)

[ )
0@ = - f g'f dx ___r_—__db(

R —
Linear Functional

As an example, for the boxcar function f (x) TS ) f )
O

1

NG =~ [ gfdx == g dx = g(0) - g(1)
R 0

» Sobolev space
Suppose f, g € L,(R), the weak derivative Df is a distribution. If Df and D g happen to be

also in L, (R), then we can define the following bilinear form

A(f,9) = fR(fg + DfDg) dx



Then we have the following space H!(R)

H'R) ={f1A(f, ) <o} lflly = jf [f2C0) + (DF)*(0)] dx
R

IfDf € L, and D(Df) = D?f € L,, then we can define H? space

1fllz = jf [F2(0) + (DF)?(x) + (D?f)?(x)] dx
R

Similarly, we can define H* space

k
k= DJ 2d
1L, LEIWMIx

Now we have a sequence of spaces
L,=H°>H!> D> H*
The corresponding sequence of the dual spaces is (the dual space of L, is itself)
L,=H°cH'c--cH™*
The full sequence is thus

+DH?2D>H'>H =L, >H'D>H?> -

For a finite domain (FEM purpose), we define
HY(Q) = {f € H*(Q) but also vanishes on the boundary of Q}

Il = ijz(x) + V12 (x) dx

More rigorously, H3(€) is the completion of C§° () function w.r.t. the norm ||f|| HL(Q)

» Poincare’s inequality (1D)

Suppose & = (0,1) and f € H}(Q), we have
Ifllz, < IDfIls,

If this is not true, then ||f||,,/IIDf ||, is unbounded. This contradicts M

intuition, as having a large maximum requires steep slopes, given that i

f = 0 on the boundary.

e~~~ -~ ~

Proof. We have 0
foo = [ rovdy



The Cauchy-Schwartz inequality gives

sjf 12 dy-jf frf»M2dy,  1fGl < IDfll.,

|f (ol =

fo 1 F) dy

Therefore, we have

Ifll, = jf f2(x)dx < jf IDFIZ, dx = IIDfllL,,  1fll,) < CEONVFIlLy )

The implication of Poincare’s inequality is

f DI dx < f (If12 + IDFI?) dx < 2 f IDFI? da
Q Q Q
V£l < I1f s < V2IVFIL,

This says that ||Vf]|,, can be regarded as a norm on H}(Q), and in fact, ||Vf]| 1, 1s equivalent

w.r.t. H} () norm

Remark. It is very important that we consider f € H3(Q). If f doesn’t vanish on boundary,

Poincare’s inequality doesn’t hold, and one counter-example is a non-zero constant function.
y )

»  Finite element method (FEM) for 1D problem

Recall in FDM we solve —u'" = f with zero on the boundary. The consequence is

max|U; — u(x;)| < Ch?|ul¢s
J

The regularity term |u|+ is bad and will be fixed for FEM.

For FEM, we focus on
—la@)u' I + Culx) = f(x),  u(0) =u(1) =0,
with smooth function a(x) and constant C satisfying
O<a<a(x)<a C=0

The above problem is in the divergence form. In the operator form, we have (set C = 0)
—D[a(Dw)] = D"[a(Dw)] = f(x)
The LHS is a sym. pos. def. operator. —D = DT is the adjoint of D in this finite domain based

on integration by parts.



Now focus on Hj (Q) which is a Hilbert space, with any test function ¢(x) € Hj (Q)
| e @IoG) ax = | Fepc) dx
From integration by parts, we obtain
—au'gla + fﬂa(X)u’(x)(P’(x) dx = fﬂf(xﬁp(x) dx, Vo(x) € Hy(Q)

The LHS is sym. pos. def. (SPD)

Summary
In the integral formulation, we only need one derivative for u, and thus consider u € H} ().

Therefore, u is a weak solution of —(au’)’ = f if we have u € Hj(Q) and for any ¢

fga(x)u’(x)q)’(x) dx = fﬂf(x)q)(x) dx,  Ve(x) € Hy(Q)

Topic for next lecture:
The Hilbert space H} () provides the base norm ||-||g = |||| ni(q)- The problem specific
bilinear form is
A(u, @) = fﬂa(x)u’(x)q)’(x) dx
This bilinear form is symmetric, bounded, and coercive, as shown below

AW )| < a f [u'e’| dx < Cllell o 1913
Q

Alu,u) = f

au'u'dx = f [w'2dx = llull gz
Q Q



Week 4: Lecture 8. FEM for 1D elliptic PDE
» Review on weak solution

In the integral formulation, u € HJ (Q) is a weak solution of —(au’)’ = f if we have
La(x)u’(xkp'(x) dx = fﬂf(x)q)(x) dx,  Vo(x) € Hy(Q)
More compactly, we can write it as
Aw, @) = (f, 9, Yo(x) € Hy(Q)

Note that the RHS is just the usual L, () inner product. If f € H}((Q), then the RHS should
be strictly written as f (@), but when f € L, () then it just becomes the inner product.

Advantage
1. Only need one derivative for u

2. Bilinear form, we can apply Hilbert space technique

Existence of solution

The bilinear form A(u, ) is symmetric, bounded, and coercive

A, )| < @ f We'ldx<a j f [w'|? dx j f lo'[2 dx < @llull oyl llms o
Q Q Q

A(u,u) = f

Q
Now we show that A(u, ¢) is an SPD bilinear form on Hj () and it is equivalent to the usual

au'u'dx = gf |u'|?dx > allull yz oy
Q

norm ||ul|, 1(q- From Riesz rep. theorem, we can find u; € H}(Q) such that

Alus, ) = f(@) = (f, 0)

If A is non-symmetric, then we need to use Lax-Milgram theorem

» Finite element method (FEM)
The goal is to look for u;, € S, € H3 (Q) such that

Alup, on) = (f,n),  VYou €Sy
where S, is a finite dimension subspace of H} (Q)

Remark. The subspace S;, & H}(Q) is finite dimension, easy to work with, and captures u



Remark. The problems are equivalent to the following optimization problems

.1 1
uer}ilér(lQ)EA(u’ w=(fw,  min oA, up) = (f un)

The FEM is a finite dimension optimization, in contrast to the infinite dimension one.

The left figure indicates the infinite dimension problem, while the red line in the right figure
indicates the FEM finite dimension problem. The advantage is that we reduce dimension,

while the drawback is that there is a small gap between u;, and the true solution u

- &)

FEM partition
0K K , Km !
O:x0<x1<”'<xM:1 L‘ 1 1 - { I |
Small intervals K; are elements with Yo X1 X2 XM-| M
I{j = [x]'_l,x]'], h] = x]' — xj—l' h = m_aX h]

j
The discrete solution will be found in the finite dimension subspace S;, defined as
S, = {f € C(Q) | piecewise linear w.r. t this partition, f(0) = f(1) =0}

Courant hat basis for §
.. i ‘P| ‘Pz lPM»I
The hat basis is defined as
(1, ifi=j \ — 1
¢i(x;) = {0, if i # j 0 {0 Xz %3 Az -l |
Note that the intervals need not to be ‘P|, ) ’
. B UNY Gt
uniformly spaced : —_— ) .
i : i 1 o e« o t A J
. _ o) : Xz x?, -2 -l
It 1s easy to recognize : , ‘. : (

Sp = span(@q, P2, , Py-1)
The representation by {¢;} is uniquely determined by function values at interior points

FEM linear system
Now write our target solution uy as uJ
M-1
=) 90 A RSZ,
j=1



We look for {Uj} to satisfy (now denote test functions as yy)

M-1
A(up, xn) = A z ;Ui xn | = (frxn), VXn € Sp
=

With {¢;} being the basis, we only need to check y;, = ¢;

M-1
4 Z‘PJUJ"Pi =(f 0,  i=12-,M~-1
j=1

Now we need to solve
M-1

z A(pi 9,)U; = (@i, ), i=12,,M—-1

j=1

This becomes the following linear system

Aij=Apn9;),  F=(p.f), AU=F,  AeRM-DxM-D

The matrix A is a “shadow” of A(u, v) on S,
1. Since A(u, v) is SPD, then the restriction of A(u, v) on Sy, the matrix A, is also SPD

2. Matrix A is tridiagonal. For example, the supports of ¢, and ¢5 are disjoint
3. 4; >0, 4; <0

Ary = f ()@, (D)@l (x) < 0

Example: Uniform spacing h with a(x) = 1

1 2 1
Aog) = [ loi@Pdr =3, Augu) =3
0

This matrix is the same with FDM matrix. It seems that the constant factor is 1/h, but the
missing h is into the F; = (¢;, f). FEM and FDM matrices happen to be the same for the

uniform spacing discretization

»  Error analysis of FEM
For the problem
—la@u @] =f  uw@) =u@)=0
Existence of solution indicates
fEH' = ueH()
fE€L,=H" > ue€H?*Q)

Claim. Solution u is smoother than f



The weak formulation is

Aw ) =Wf),  VYx€Hs(Q)
The FEM problem is

ACup, xn) = O ), Vxn € Sp G Hy(Q)

Difference between the two problems gives
A(u —up, xp) =0, VXn € Sp
Therefore, with respect to the inner product A(:,-) we have Y

(u—uy) Ly xp, VXn € Sp |

The geometric characterization of FEM solution uy, is w
lu —uplla = n}(;n”u_)(h”A Sh

Or equivalently

llu —uplly < llu — xnlla VXn € Sp

Remark. As ||-]| , is equivalent to H} () norm, we have

Cyllu — uh”HOl(Q) < llu—uplla < llu = xnlla < Gllu —)(h”Hg(g); VXn € Sp

e = wnllyseay < Cllu = Zallyaay  Vn € S
This is not problem-specific anymore. All we need to do now is to find a good x5 € S, such

that ||lu — Xh”HOl is small. This y;, can depend on u as long as y;, € Sy

Approximation of u in Sj,

Define the piecewise linear interpolation of u € H3 (Q) as I,u. We will use y,, = ILu

0 78 v
= [
\ 1 |
0 | w Kj

Error estimate of FEM

Consider an element K; and extend the range to [0,1]. We have

v = Il S 1V,

Proof. Poincare’s inequality gives

lv—1Ivll,, s lI(v — 1)L,



By mean value theorem, (v — Iv)’ has a zero-crossing point x,. Therefore, we can modify
the proof of Poincare’s inequality using this x, and similarly obtain

1w = 1)l < 1@ = 1)1,
Therefore, because Iv is piecewise linear, we have (Iv)"" = 0 and thus

lv—Ivll,, S (v —=1v)ll,, S (v —=1v)"ll,, = [[v"]lL,

Going back to the original K; element, as we have

_ X = xj_l r 'U_’ "o o__ U_
u(x)—v(—h ), U= u' =15
we can obtain
= ully ) S W2 Mgy 1G= 1) ) S Rl

For the whole domain Q = (0,1), we have

M M
hw—fll?, = > | fu=ful? de s bt Y | el dx = (R2,)°

j=1 K] j=1 K]

M M
! 4 rn rn 2
I(u—Lw'll, = E |(u — Law'|? dx < h? E [u"|? dx = (Rllu"ll,,)
j=1"Kj j=1"Kj
These results show (scaling argument)

lu—Ihull,, s R?Hlu"ll,, I —Law'll, S Allw”ll,

Summarizing all together, we obtain the Theorem*
lu = upllyz S llu = Ihullyg S 1w = Iaw)'ll, S hllu”llL, S hllullzz < RIfL,

Poincare PDE Theory

Recall in FDM, we prove that

max |u — u;| S h?|ulcs
J

But note that H} () norm applied in FEM is a stronger one. Now the question is: can we

estimate the L, error for FEM



Week 5: Lecture 9. FEM for 2D elliptic PDE
» L, error analysis of 1D FEM

Theorem
llu — uh”LZ(Q) .S h2||u||H2(Q)

Proof. Define the error function e, = u; — u, and we have

Alen, xn) =0, VXn € Sn
This means that e, 1, xp,. Now consider the following problem

Ap=—(a'p) =e,  90)=¢(1)=0

Within L,-norm we can write
||9h||§2 = (en, €n)r, = en en =ep, - Ap = ey A(p — I,0)
The last step uses the perpendicular property since I, € Sj,. Using Theorem*
encA(@ — 1hp) S llenlla -l — In@lla < llenlla - hll@llyz < llenlla - hllenllL,
Therefore, using Theorem* again, we have

lenllL, = k- llenlla S R2IIfIlL,

» FEM for 2D elliptic PDE @
Au = -V (a(x)Vu) = f, u(x) =0 on 0Q

We require that Q is a convex, piecewise linear boundary. This implies u € H2(Q), which

guarantees that u is continuous in 2D and we can construct [, u

Weak solution
f—V -(aVw)p dx = —f p(aVu)n dx + f aVu - Vo dx = ff(p dx
Q 29 Q Q
We search for solution u € H}(Q) such that
Ag) = [avu-Vpdr= [ fodr=(f.) Vo € HY@)
Q Q

Again, we consider a(x) has upper and lower limits, and it is smooth in . The bilinear form

is symmetric, bounded and coercive on H} (Q)

A 9| < [ 1VullVol dx < j [ 17l ax j [ 19012 ax < allulyg oy 10113
Q Q Q

AW 2 a [ 1Vl dx 2 allullyay
Q

Therefore, A(u, @) is an SPD bilinear form on H} (Q) and it is equivalent to ||u]| HE(Q)-



FEM solution

We search for u, € S, & H}(Q) such that K
ACup, on) = (f, @n) %

The domain is decomposed into a triangular mesh that satisfies
1. Small maximum radius h = max hg

2. No triangles with angle close to 0° or 180° @ Bmi

3. No bad decomposition like this

Now we can define S, as
S, = {f € C(Q) | piecewise linear w.r. t triangulation, f(3Q) = 0}

The basis function is similar to the hat function

S, = span{(pj} dim(S;,) = # of interior vertices

interior

Same with 1D case, now we need to solve
#int

z A((pi:(pj)Uj = (o, 1), Vi = interior point
j=1

This becomes the following linear system
Aij — A(Qoi,(Pj), Fi — (<Pi'f), AU = F, A€ R#intx#int

The matrix A is SPD. It is also very sparse, as we need i and j only 1 step away

Example: a(x) =1, -V-(Vu) =f
2

L. R /2 1 1
Aii:fQIV(piI dx=7~2<ﬁ+ﬁ+ﬁ)=4

h? 1 1
AU:_<____):_1' Aik:O

k

oA,
P
1
onl—




Error analysis

Repeat the 1D analysis, we obtain the same picture
Alen, o) = (f, on), en Ly @n, Von € Sp
lu —unlla = errllei?h”u — Xnlla, llu — uh”H(}(Q) S Jlu— )(h”Hg(Q)
We similarly do piecewise linear interpolation y; = I,u, but require other conditions. This is

because in 2D u € H} () does not imply u is continuous. We need u € H?((), which requires

the domain () to be convex (polygonal) and f € L, (). Therefore, we can interpolate y, = ILu

By scaling argument, we similarly have

lv -, s IVl IV - s IIV?ll,,
lu = Ihull,, s R2IVZull,, IV - Lawll,, S RIVAullL,

e = Iyullgg S hllullye

Also with the requirement that the triangles are regular. Otherwise, the Jacobian matrix will

be bad when mapping the element into an equilateral triangle. Therefore, we obtain

lu = Ihully < hllullpz < BIfll,,  llu—upllgg S RIFL,

Theorem. L,-error estimate

llu — uh”LZ S PP lullyz S hz”f”L2



Week 6: Lecture 10. FDM for parabolic PDE
» 1D heat equation

Up = Uy, u(x,0) = v(x), x ER, t>0 2
L

Discretization h
t ] [ 1

>X
x; = jh, t, = nk, Uit = u(xj, tn)

At grid point (xj, tn) we have forward difference in time and central difference in space

grtt —uyr _ ut,—20"+ UM,
u; =~ 0,.U" = %, Uy = 0,0, U d hZJ 1

The equation becomes
+1
UMt —Ur Uf, 200 + U

-394 J
9. Ul" = 0,0, U}, k 2
The usual way to write the system is
k
UM = AUf, + A =2DU0 + AU, A= ¥

This is an explicit method since it does not involve solving a linear system

Time marching

Define the column vector at time t,, as U™, we have the following convolution

1-21 A n+l .
A 1-214 A4
UTL+1 — Un — EkhUn n ./'T\.
A 1-24 A . - s
A 1-22 o

Error analysis
To simplify the analysis, we assume that U(x) is defined everywhere, not only on the grid
points. We now consider U is continuous and the numerical scheme is
U™l(x) = AU™(x — h) + (1 = 2)U™(x) + AU™(x + h)
The operator becomes discrete convolution
(ExnUM)(x) = [(A6_p + (1 — 21)8 + A8y) = U] (x)

For the approximate solution U
0,U =0,0,U, U™ =E,U"
For the exact solution u (exact solution applied to FD), we denote the local error "
U™ (x) — u(x) _u"(x+h) - 2u"(x) +u(x — h)
k h?

+ t"(x), u™?l = Eu + ktt



Define the error Z™ = U™ — u™
Z" = EppZ" 1+ (k™) = B3, 20 — k[Egy 't0 + Epp 2t + -+ QT
Then we have

1Z71 < k[IER MOl + -+ + |ER [z ] < - m3X||E,fh|| - max||kz?|

To ensure ||Z,, || is small, we need the following conditions

|ERIl < C, Iz?|| small, Vp
® ©)

In order to have small ||E ,fh| , note that it is a convolution operator. We analyze it with the

Fourier transform (i.e., a rotation)
fO) €L,(R) — F{HE =F() € L,(R)
The convention we use is

fo-=|

R
The Fourier transform has the following properties

e dr, g0 = [ o a()

A

f=f Vf€ly flyan = ||f||L2(g), F{f * g3 = f(©)FE&)
21
For the convolution property, we can show it as

Fif gl = | [ et - y) dyldx

R YR

= [ [erte e 00g - ) dydx = F€)9)
R YR

Now we analyze the FDM scheme in the Fourier domain
U™l = B U™ = [A6_, + (1 — 21)6, + A8, ] « U™
U™1(&) = [1— 24+ 22 cos(hd)] - U™(&)
The condition (1)

|EEII<C vp o lEanl<1
is now equivalent to
mzaxll — 241+ 2Acos(hé)| <1
When ¢ = 0, the above condition is met. Focus on § = m/h, we can obtain
1
[1—41| <1, OSASE

Conclusion. When A > 1/2 the solution blows up



Interpretation
The high frequency mode (large &), which immediately disappears (“boring mode”), enforces

a tiny time step (k < h?/2). This corresponds to stiffness. In Fourier domain, we have

d ~ ~
au(f) t) = _qu(E' t)

From ODE analysis, we can get the same interpretation.

Local error
For condition (2), the local error is

k" = ynt! — Ekhun — (ekA _ Ekh)un

Fourier transform gives
k™ = Feks — B} - an(8) = {e™¥" — [1 - 22 + 24 cos(hE)]} - 2" (§)

k? kh?
Fle® — Epy} = <—

— &t ... =(C hAEA 4 ...
> 12>§+ C-h** +

Therefore, we have the following bound

k£ ()] 3 R A < h*EHD(D)

PDE: v is initial cond.

The L,-error estimate becomes
ke, = [ k@1 dg 3 b2 [ 16401 d < Rolvlleqe
R R
The last step applies Fourier isometry (||[v™® (x)|| ~ 1649(&)Il), and thus we have

k™|, S h*Ivll4

Finally, we obtain

12711 < n - max| 7, max|kr? || $ nh[1vlly« 3 tukllvlye
tp=nk, k~h?

Summary: Explicit FDM for heat equation is
1. Convergent when A = k/h? < 0.5 (stiffness)
2. 1% order in time step k
3. Depends on ||v|| 4+ (similar to FDM for elliptic PDE)



Week 6: Lecture 11. Implicit FDM for parabolic PDE
» Implicit FDM scheme
Unl(x) —U™x) U™(x+h)—20""1(x) + U™ (x —h)
k N n?
(14 20U (x) — AU (x — h) — AU™Y(x + h) = U™ (x)

The linear system becomes

A UTL+1 = [Jn Un+1 — A—lUn =E..U" .eff(-.
kh ) kh kh

In the Fourier domain, we have

[1+ 22 —2Acos(hE)] - U™*1(E) =U™(&),  Exn(§) =

1+ 24— 2Acos(hé)

Error analysis

Following the same procedure, we have

Z" = B2 + (—kt™), 112"l < n - max||E], || - max||kz?|
p 14

For the operator part, we always have
1

1+ 24— 2Acos(hé)
Therefore, we can arbitrarily choose A = k/h? to satisfy this condition

|S1

For the local error part

1
AN kA _ .an — —k&? _ . nn
ke = Fle™ = Bl - 27C) [e T3 22— 27cos(e)] &)
Based on Taylor expansion, we obtain
Fle!® — Exn} S k28* + kh28%, IkE™ (O, 3 I1(k2E* + kh2EH) (D).,

The Fourier isometry gives
ez, 3 (k% + kR[]l

Therefore, the error bound is
I1Z™] 3 n(k? + kh?)|[vllye < tpy(k + )]l e

Summary: Implicit FDM for heat equation is
1. No longer stiff
2. 1% order in time

3. Depends on ||v]| 4



» Trapezoidal rule FDM scheme
A A A A
(14 DU () = ZU™ I (x = h) = SU™ e+ h) = (1= DU"G) +5UM(x = B) + ZUM (e + )
The linear system becomes
AU™1=BU™, U™ =A"1BU™ = E,U"

In the Fourier domain, we have

E..(5) = 1—A+ Acos(hé)

1+ A—Acos(hé)

Error analysis

For the operator part, we always have

‘1 — A[1 — cos(hé)]

<1
1+1[1- cos(hf)]‘

Therefore, we can still arbitrarily choose A = k/h? to satisfy this condition

For the local error part
. 1—A+ Acos(hé)
1+ A—Acos(hé)

i = PleH — B} 080 = o4 Q)

Based on Taylor expansion, we have
Fle*® — Exn} 3 (k388 + kh?EY)

Following the same procedure gives
ez, S k3 Nvilye + kh?|[vllye

Therefore, the error bound is
1Z"] 3 ta (k2 [Vl ys + RP[|v]l44)

Summary: Trapezoidal rule FDM for heat equation is
1. No longer stiff
2. 2™ order in time

3. Depends on ||v]| 46



Week 7: Lecture 12. FDM for hyperbolic PDE

» 1D transport (advection) equation
ou ou \\\\ >0
a— _—

ot “ox
When a > 0, the function is transported in —x direction. This implies that our scheme should

be upwind to use the information from the previous time step

Discretization
x; = jh, t, = nk, Uj” = u(xj, tn)
rH
At grid point (x;, t,,) we use forward difference in time and space uJ 0
+1
an _UJ'n:aUﬁl_an T\
k n 8 o
k n .
UP*t = aAUR, + (1= al)UF, A=7 ; Ui

The backward difference in space is bad, as it is not upwind.

Analysis
Again, we assume U™(x) as a continuous function in space and obtain the lifted equation
U™l(x) = aAU™(x + h) + (1 — al)U™(x)
In the operator form
untl = g, U, Ewn = (1 —ad)by(x) + add_p(x)
Now apply FD scheme to the exact solution
u™l = Epu™ + k™, Zn = B, 7™ + (k™)
Telescoping gives
7" = Eg (—kt®) + -+ EQy (k™)

12" < n - max||EE, || - max|lkz?||
p p

In the Fourier domain

U™ (§) = En(9T™(), Exn(8) = (1 —ad) + ade®h
The operator norm should be bounded by 1

|Exr| = mfax|(1 —al) + ale®"| <1

We only need to focus on the situations where e’ = +1, which leads to

=

al <1, k<-—
a



Remark. When a is large, the speed is fast, and the characteristics are ‘flat’. At this case, the

time step k should be small

The local error term is analyzed as
kT = u™! — Eu = (ek"“’x — Ekh)u", |kT™|| < ||(e’“‘6x — Ekh)u"”
Using Fourier isometry, we have
Ikt < [[e** — (1 — at) — are™|| - |a"|
By Taylor expansion
, . 1 1
ef — (1 - a2) - a2e™ = ika§ - 5k*a%? - aa (ih§ — 3h*¢?) + O (% k)
= ikaé — alihé + C(h? + k?)&2 + 0(h3,k3)
= Ch?&2 + 0(h?)
Therefore, we have the error bound
|kt™| < CR2E2|a™(§)] < Ch?&2|D(8)

k™2, < L(hZfZ)%(s)P d¢ = R*lIvll%

|1z <n- manHElth . mz;';lxllk‘[pH <n-h?||v|lyz < Th||v|l42

Theorem. If A = k/h < 1/a, then we have
IEwnll =1, llkz™l < CR2Wllyz,  IZ7]] < tyhllvllge

Meta-theorem: Lax-equivalence theorem
1. Stability: Time step control
2. Consistency: Plugging in PDE solution in FD scheme gives small error

With these two conditions, then the FD scheme is convergent

» Influence of stencil on transport equation

For the backward difference scheme, we have
Urtt = Ut = aA(Uf - U,),  UPTY = (L4 a)U! - adUl,
This scheme is not stable for a > 0, as the operator is not bounded
|Ecn(®] =|1+al—ale™®"| =1,  whena>0

However, when a < 0 we need backward difference in space, which is upwinding.



For the central difference scheme
ai ai
an+1 — U= 7(Ujr-l+1 - an—l)' an+1 =Ui + 7(Uﬁ+1 - an—l)
This scheme is not stable, as the operator is not bounded
|Exn(©)] = 11 + iadsin(hE)| = 1

Comments. We want to improve the following aspects:
1. We don’t always know sign(a)

2. The error ||Z™|| is first order in h and depends on ||v]| 2

»  Friedrichs method
Replace the value at U;* by the average of the neighbors

1+a15 ()+1—a)l
2 O-nX 2

1 al
an+1 - E(an—1 + Ujr-l+1) = 7(U]r-l+1 - an—1)' Eyn = 5p ()

For stability condition, we have
|Exn(8)| = Icos(hé) +iaAsin(hd)| <1,  |ad| <1

Now the sign of wave speed does not matter. However, this method is still first order in h

» CFL condition (Courant-Friedrichs-Lewy)

The numerical stencil support should include the characteristics (or domain of dependence)

k1 h
A=—<—=,  k<- t
h a a

hfa
However, this is not sufficient for stability, only a necessary condition.

Similarly for heat equation, the explicit scheme requires
PRI
h? = 2
This can be understood as the CFL condition in the limiting sense. For the implicit scheme,
its domain of dependence includes every grid points on the previous time step, since it solves

the linear system

> Lax-Wendroff method
k2
ulx,t +k) =ulx,t) + ku.(x,t) + 7utt(x, t) + 0(k?)

2

k
=u(x,t) + kau, (x,t) + 7a2uxx(x, t) + 0(k3)



Now we consider the following scheme

U(x+h)—U™x—h) N k?a? ‘ U™(x + h) —2U0™(x) + U™(x — h)
2h 2 h?

We apply the central difference for spatial derivatives. We thus obtain

al + a?2? —al + a?A?
Ul(x) = (1 — a?2®>)U™(x) + TU"(x + h) + —

U™1(x) = U™(x) + ak -

U™(x — h)
The operator norm becomes

|Ecn(©)] = 11 — a®2% + a?22 cos(h§) + iaAsin(hé)|
The stability condition again indicates

Al < -< —

It can be shown that Lax-Wendroff method is second order in h



Week 7: Lecture 13.1. FDM for wave equations
» 1D multi-component system
ou ou
ETE
When 4 is symmetric, this is a system of several advection equations. (If not, then this is the

A is symmetric

Cauchy-Riemann equation.)

For the Friedrichs and Lax-Wendroff schemes, we have

Ut (x) = %(1 +ADU(x + h) + %(1 — ADU™(x — h)

1 1
U () = (1 = AZADUM ) + 5 (Ad+ A2AD)U" (x + ) + 5 (AL + A222)U™ (x — h)

Stability condition
In the Fourier domain, now E, () is a matrix, and we need
ﬁ"“(f) :Ekh(f) ﬁn(f); ”Ekh(f)”l N <1
NXN e

For Friedrichs method we have
Epn, (&) = Icos(hé) + irAsin(hé)
Based on diagonalization, we have
I cos(hé) + iAAsin(hé) = Q[I cos(h&) + iAAp sin(h&)]QT
So we can only require

llcos(hé) + idAp sin(hé)|l;,-1, < 1, rr%ax|cos(hf) + idg; sin(hf)l <1
J

The stability condition is

k 1 1
A=— < =
h m]ax|a,-| 1Al

For Lax-Wendroff method, we have the same result.

» 1D wave equation
Wit = Wy, given w(0,x) and w,(0,x)

We write it into a system and then apply either Friedrichs or Lax-Wendroff method.
W] _ [AWx
w= ) =[]

ou, ou, ou, 5 ouy
— =aw,;, = a—, — =Wy =AW, = a—
ot xt ox ot t xx ox

Therefore, each component satisfies



The system can be written as

d [ul]_[o a d [ul] au_Aau (O )_ QM
arlul Tlg ol axlulr B TA%%  WOHMT 0x
w(0,x)

»  Multi-dimension, multi-component system
Now consider u(t, x4, x5, -+, X4)
d
du du . .
= z A Aj is symmetric

ot~ LAax
j=1

Friedrichs method gives

Un(x —eth) + UM (x + elh)] _ i“' U™(x + ejh) — U (x — e;h)

n+1 _ —
Urtt(x) ; oh

2d

U™(x —ezh) + Ut(x +ezh)l =

Utl(x) = %Zd: [(é + AA]-) U™(x + ejh) + (é - AA]-) U™ (x — ejh)]
=1

The Fourier transform in d-dimension is
d

o I _ _

Exn(§) = Z [E cos(hé;) + i14; sm(hfj)]
j=1

Stability condition

To ensure the operator is bounded, we can choose A such that

I D 1 :
Ecos(hfj) + i14; sm(hfj) < Pl Vi=12,--d

max
&j l2—=1l;

Uy

1

1< < -
Tl 4]

This is due to that A; does not necessarily commute with each other. Therefore, we make sure

each one of them is bounded.

» 2D wave equation
Wi = Wy + Wyy

Similarly, we write the wave equation into a system
=( T — — —
u = (uq,uy,us)’, Uy = Wy, Uy = Wy, Uz = W,

Therefore, each component satisfies

Ju; _Oug du, _ Oug Jus _ du, OJu,
Gt " T e T ey e e T Ve

Y= Bx T oy



The system can be written as

e B 7 e A
—_— 2 = - — 2 - —_— 21, _ = 15— 2
dt Us 1 0 0 0x Us 0 1 0 dy Us Jt 0x dy



Week 7: Lecture 13.2. Conservation law

» Nonlinear wave equation (Conservation Law)
u + [fW], =0

The function f(u) is convex or concave. Integrating over space gives

b d b
[ tr@ldx =0, [ wdxt flue,0) - flute,0] = 0

The physics interpretation is the conservation law: The rate of total mass change is equal to

the net flux. In this simple model, the flux is a function of local density.

Examples f[u @ "t)‘]-—j—a U ) ~9;ﬂ:l,ld),‘l;')]

1. Transport equation: f(u) = au [/ 7

2. Burgers’ equation: f(u) = u?/2 r )/ // /
2 b %
0 (u
ut+$<7>:0’ tet e =0 >

3. Consider u € [0,1] is the car density. One simple model for speed is v(u) = 1 — u and
the flux is f(u) = u - v(u) = u(1 — u). The traffic flow equation is
us+ [u(1—-w)l, =0

Characteristics

The characteristic x(t) satisfies

dx(t) ,
= = e ®, 0]

Along x(t) we can show that u is conserved:

d _ dx _ , _ _0
T GO.0] = u e = £/ e = g+ [FQ) =

Uy t) =Uexz,0)
For Burgers’ equation, the characteristics are straight lines: ,H; 1
dx(t) collide
= f'lu(x(t),t)] = u(x(t),t) = const. &
dt N
conserved along x(t) é?
QA
The slope will depend on initial conditions.
X
0
Two issues: X Xz >

1. If two solutions (characteristics) collide, the above analysis fails

2. There is vacuum between two lines



Shock formation

slxoch x=at)

When two characteristics collide, a shock is formed. Assume that
W=
the initial condition is step-like with u_ and u, (Riemann Problem) élp'ﬁ ft =

Integral form of the conservation law is

d b
0= afa u(x, t) dx + flu(b, t)] — flu(a, t)]

The integral can be decomposed into set)
u

s(t)
[f u(x, t) dx +f u(x, t) dxl + flu(b, t)] — flu(a,t)]
s(t)

From the Leibniz rule we have

d s(t) s(t)
—J u(x, t)dx = J uy dx + u_(s(t),t) - s'(t)
dt J, a

b b

d
— u(x,t) dx = J Uy dx —uy (s(t),t) - s'(t)
dt Js(e) s(0)

Adding and subtracting terms f[u_(s(t), t)] and f[u, (s(t), t)], we can use the conservation
law on both sides

s(t) b
0= {f us dx + flu_(s(t),t)] — f(u(a, t))} + {f )u[ dx + f(u(b, t)) — flus(s(t), t)]}

s(t

+f[ui (s(@©), )] = flu-(s(©), )] —us (s (), £) - s"(t) + u_(s(t), 1) - ()

This leads to the Rankine-Hugoniot jump condition:

oy 2 L0 = F@)
U, —u_
For Burger’s equation, we have
u? ) Uy +U_
f@=", 5=

Rarefaction wave

For traffic flow equation, the characteristics are also straight lines with slope

dx(t)
fW=ull-w, ——=fTukx®0]=1-2u

For the same initial condition u_ = 1,u, = 0, now we have f'(u_) < f'(u,) and there is a

vacuum. We have two ways to construct a weak solution.



N '

The shock wave solution (left) becomes non-physical and entropy-violating. Another solution

is the rarefaction wave (right), which is physical and fills the vacuum.



Week 8: Lecture 14. Finite volume method for conservation law
» Review on conservation law
Physics derivation of Rankine-Hugoniot jump condition

The weak form of conservation law for any [a, b] is

o ol g
= f u(x, t) dx = flu(a, )] - flub, )] '

&X
Locally at a shock, we have
u_Ax — u,Ax M ful) = fu) _ ]
At - f(u—) - f(u+)l s = E - U_ — U, = [[u]]
Shock & Rarefaction wave
Consider Burger’s equation with initial condition u_ = —1 and u;, = 1. One weak solution is
the artificial shock
-1, x<0
u(e0) = { 1, x>0
Remark. At a shock, u is a weak solution if and only if u satisfies the RH condition.
Another weak solution is the rarefaction wave ILO(,‘t)

-1, x < —t
ulx,t) ={x/t, —-t<x<t
1, x=>t

This is a continuous solution, and we can directly check it by
(x) N x? x L 2x 0 -|
t/,  \2t2 x_ t2  2t2
The derivative is not defined at the kinks, and thus we call it a weak solution

Remark. For the artificial shock, we can switch to the rarefaction wave at any later time ¢.
However, rarefaction wave cannot go back to the artificial shock. Therefore, macroscopically

we only observe the rarefaction wave, which is stable in terms of entropy.
Principle. The characteristic can only enter the shock and never leave from the shock.

Artificial viscosity
ug + [f(u)], = eugy,
The viscosity solution u® is smooth and never has a shock. In the limit € — 0, viscosity

solution u® converges to the rarefaction wave in L, norm.



Theorem. Consider the two equations
u+fWly =0, w+[fW)l, =0
We have the L{-contractivity
lut,) =wt )L, m < lu0,) —w(0,)llL, m

This indicates that all the details will be smeared out eventually at long enough ¢.

»  Finite volume method (FVM) for conservation law

Start from the weak form of conservation law

d b
= f u(x, ) dx = flua, O] - flub, )]

The domain is decomposed into cells, and the solution is approximated with piecewise

constant function (cell averages)

U
Z0x0) = £ (u(m328) ~ f (42 ) ] Cj
% [8x - Ut = Ax - U] = f (o1/2(0)) = £ (24220 X

Therefore, we obtain
At
1 _
Ut = U = |f (4-120) = £ (141200) |
However, we still need to approximate the fluxes at grid points.
f (uj—1/2 (t)) ~ f(an—p ur),  f (uj+1/2 (t)) ~ f(an' Ul
Our numerical scheme now becomes
At . .
1 _
an+ - an T Ax [f(an—l' UJn) - f(an' UJr-lH)]

This is the conservative schemes or the finite volume method. Different schemes construct

the numerical flux f in different ways to evaluate the flux at the interface.

» Godunov scheme
1. When At is sufficiently small, we can neglect the information from nearby cells

Because the wave speed is bounded by initial max|f’(u,)|, we have the CFL condition

Ax
At <

~ max |f'(u)]

u(t=0)



2. Now the local problem becomes the Riemann’s problem

Consider f(u) is convex, i.e. the derivative f'(u) is monotone. We have in total two

categories (rarefaction wave & shock) and five cases.

Rarefaction wave: u;, <uzy = f'(u;) < f'(ug)

f'lu) < f'(ug) <0 0 < f'(u) < f'(ug) f'u) <0< f'(ug)
f:f(uR) f:f(uL) f:f(um)
TR iR e
Summary: f = uer[girlll | f)
Shock: u; >ug = f'(uy) > f'(ug)
fQuy) < f(ug) fQuy) > f(ug)
s=[f@]/lul <0 s=[f@]/[ul >0
f = flug) f=ru)

max
u€lupuy]

Summary: f =

fw

Therefore, solution of the Riemann’s problem gives

min _f(u), Uy,
r ue[quuR]
max _f(u), Uy,
u€fug,uy]

3. Godunov scheme

< ug

> up

At R
Uptt - Uft = E(fjril/z - fjril/z)

» Lax-Friedrichs scheme

o 1
fix12 = 5 [F(U;) + F(Uj11) = a(Ujsa

On the other hand, the localized version chooses a by

a = max

ue UjUjpq

- Ul

)If’(u)l

a = max|f'(u)|




Week 8: Lecture 15.1. Analysis of finite volume method
»  Analysis of monotone schemes TH
| ud T |

At .
Uty = Uf* + Ax [f(an—l' an) - f(an' Uﬁl)]

We can consider this scheme as a nonlinear operator (stencil)

n n h
an+1 = G(an_lt l]]‘l’l’ Ujr_l+_1 uJ'I T l‘d T u\r‘" ?
The entropy solution indicates that
U, 1= U, Ui 1= UM, Upt = Ut

Definition. The scheme is called monotone if G(T, T, T). This is also the stability condition.

Monotonicity requires the numerical flux to satisfy all the conditions below

9G
U,

oG At oo
Ut — 12U Uf) 2 0

At . n n
= (UL ) 20,

G At A
T 1+ —[f(U U7) = AU U)] 2 0

Therefore, for any u, v,p € R, we require

R R At A
Am=0  fun <0 1+4 [AEw-Awo] 0

Lax-Friedrichs scheme

. 1
fp.q) = 7 f@+f@—al@g-p)], a= Lrlr}g;tc_lf’(u)l

The first two conditions are automatically satisfied based on the chosen a

o L 1 o L 1
f1Ea1f:§[f’(P)+a]20: f2532f=§[f'(q)—0(]S0

The final condition gives the constraint on time step

1+At[A( ) — 7i( )]_1 At>0 At<Ax— Ax
Ax f2(p,w) — 1w, Q)| = A =" ~a ma;glf’(u)l
u it

Now we prove that Lax-Friedrichs scheme is monotone

Convergence of monotone scheme

Now suppose the numerical solution and we define its discrete L;-norm as

WUl = 8% Y 1Ud
i



Theorem. If G is monotone, then consider two numerical schemes
n+1 — n n n n+l — n n n
U =GR UR R, Y = G V)
We similarly have the discrete L;-contractivity

U™ = V™I, < IIU° =VO,,
Theorem. [Crandall-Majda] If G is monotone (stable), then {U]”} converges to the entropic
solution as At, Ax — 0. The entropic solution is the limit of viscosity solution with € — 0.

Theorem. Any monotone scheme has only O (h) accuracy.
Proof scheme. The local error is 0 (h?) and thus the total error is 0 (h?) - T/h - O(h)



Week 8: Lecture 15.2. Monte Carlo method

Computational methods for stochastic system and for probability-related problems

» Example problems

Numerical integration

b—a

a

b b
ff(x)dxz(b—a)f f&) dx

With the uniform distribution p(x) over interval [a, b], we have

b b
[ferax=w-a [ reope ax

Now if we can sample X ~ p(x)dx, the integral becomes the expectation

b
[ 760 dx = (0= @ Bypiof )

We can thus calculate the integral by sampling X;, X,, -+ Xy ~ p(x)

%i/‘(&-)

According to Law of Large Number (Central Limit), this approximates the expectation

I(F) = Iv(f) = (b—a)

Estimation of
We can estimate 7 by randomly sample points within a square with area 4, and count how

many samples fall into the circle with radius 1.

Optimization and sampling

Given the energy function E (x), the Boltzmann distribution is (8 is inverse temperature)

Z ’ 0 ’ T

To sample from this distribution p(x), the usual method is Metropolis-Hastings, which is an
example of Markov Chain Monte Carlo (MCMC) method.

Sampling problems can be naturally linked to optimization problems, as the densely sampled

region corresponds to where the energy is low



» Monte Carlo method (MC)

Now assume [a, b] = [0,1]. The expectation of the numerical integral is

%if(xi)

This shows that our estimation is unbiased. However, we also need to study the variance.

, AN
E[fy ()] = E - NZ ELF ()] = ELF GO = 1(F)

iid.

var(Z) = E [(z _ IE(Z))Z] = E(22) - [E(2)]?

For our numerical integral, we have

. . . [1iv i
var[Iy(] = E[lx(F) = 1] = E [NZ(f(Xi) - I(f))]

1 N
=7 E Z [f ) — IOIF(X) — 1(P)]

ij=1

= 3+ N EIF(O) — I(DP = T varlf (o)

Therefore, the convergence rate is

[ (F) = 1(F)] %

Remark. This method works for any dimension as long as var[f (x)] is not large in terms of
dimension. With N samples, the convergence rate 1/+/N is independent of dimension. This is

the foundation of success for machine learning techniques.

However, for Riemann sum when there are N cubes in d-dimension, we have N'/¢ samples

for each dimension. The quadrature error scales as

. 1 \? 1
Integratlon error «< <W) — W

When dimension d > 1, the Monte-Carlo method is always better.

» Sampling from 1-D distribution

We first construct the CDF F(x). The sampling procedure is
1. Sample U uniformly in [0,1]
2. Calculate X = F~1(U)
3. Return X ~ p(x)




For efficient sampling of Gaussian distribution, we consider a pair x4, x, € N(0,1)

1 _xf+xd 1 _r? rz2 (r?\ 1
p(x)p(xy) = ge_ 2 dx;dx, = Ee_T rdrdd = e 2d <7> . Ede
Therefore, the sampling procedure for a pair of Gaussian is
1. X~[0,1], G =—In(1-X) 2. R=v2G
3. 6 ~[0,2m] 4, X; =Rcosf,X, =Rsinf

»  Analysis of Monte Carlo method
N

WD =5 100 = [ 1)

i=1
The variance of our estimation is
R 1
var[Iy(f)] = Nvar[f(X)], var[f (x)] = E[f?(X)] — (E[f(x)])?
We hope the variance of f(X) is small. However, consider the following f (x)
1
Fo =2,

The expectation and variance of f(x) are

X € [xg, %y + €]

o=

1 1
E[f(X)] =1, E[f2(X)] = < var[f (x)] = P 1- 4w Yo Yo+ E

For a narrow function (which is often the case in high dimension), the variance of estimation

can be large and requires to be improved for real applications.



Week 9: Lecture 16. Rejection sampling & Markov chain Monte Carlo

> Acceptance-Rejection sampling

If the CDF or its inverse is very difficult to compute, we use alternative methods. Consider
our PDF p(x) is supported in [a, b] with 0 < p(x) < d. The idea is to sample uniformly in

the box [a, b] X [0, d]. If the sample is under the curve, accept it. Otherwise, repeat.

The algorithm is written as: CL
1. X € Unif|a, b], Y € Unif[0, d]
2. IfY < P(X), accept and go to 4 PL‘X)
> X

3. Otherwise, reject and go to 1
4. Return X ~ p(x)

Bad examples:
a. Narrow distribution: Rejection rate is too high

b. Distribution defined on R: Not possible for an infinite support

Modified rejection sampling
Require f(x) = Cg(x) with the distribution g(x) easy to sample.
1. Sample X ~ g(x) and sample Y uniformly between [0, f (X)]. This allows us to
sample uniformly under the curve f(x)
2. IfY < p(X), accept and go to 4
3. Otherwise, reject and go to 1
4. Return X ~ p(x)

Remark. We need g(x) which is easy to sample, and f (x) does not waste too much

» Importance sampling for integration

. 1% A . 1
N ~WH =3 F&), B[] =1, var[ly(P)] = pvarlf ()]

For a narrow function, the variance is very large. We can use a normalization as follows

_ _ [ f® _ f&)
1) = [ s ax = [ 225 g0 ax = By [P
We want g (x) to look like f(x) up to a scaling factor. Now we sample X, X, -+, Xy ~ g(x)
1 FOX,
Iv(f) =+ %)

N = 9X;)



The variance of f /g is calculated as
FOOT _ (£ (e FON _ oo [ £2® 4o
-F (g(X)) (E lg(X)) = | G -0

e lg &9)
We now obtain an optimization problem (with f the normalized version of f)

min f()
g g()

According to Cauchy-Schwartz inequality

ua];((;)) dx-ng(x) dx = (f flx ) g(x) dx) =1

The minimum is obtained when g(x) = f(x)

ng(x) dx =1, fRf (x)dx =1

Remark. We need to choose g(x) to be close to f(x), up to a normalization factor

»  Variance reduction techniques for Monte Carlo method
Control variates
If f(x) is hard to work with, we choose h(x) that is close to f(x) and is easy to compute. For
a given distribution 7, we can calculate the expectation as
Exon(f) = Exr(f =) + Exr(R)

The first part can be applied with MC method, since the variance now becomes much smaller

arx~7t(f - h) < Varx~n:(f)

Antithetic variates
If we know f (x) is (approximately) symmetric, we can sample symmetrically. For example,

after sampling X,, ---, Xy, include —X;, .-+, —Xy.

» Metropolis algorithm

We usually want to sample (x) based on some energy function H (x)
n(x) == e ~BH ()

However, we have no access to the renormahzatlon constant Z, i.e., we don’t know how “tall”
9 9 9

our target distribution is.

Markov chain Monte Carlo (MCMC)

For a state space S, the transition matrix P;; with i, j € S denotes the probability of going

to j if currently at state i
Pij = P(X;4q =jl X = i)



The complicated path is hard to describe, but we can study the equilibrium distribution ;

1
P(T) =Py =i) - m= e P

MCMC designs P;; such that the limit distribution is 7z; (up to a constant factor Z)

The probability flux is written as N\
Fij =mPy,  F =mPy 2
One way to make m; stationary is detailed balance T P
Fij = mPyy = Py = Fj, R~

Therefore, the renormalization constant does not matter anymore

1 1 P;;
_ p—BH; . L. = — —BHj . P.. i — _B(H‘_Hi)

e P =_—-e "YU Py, =e j
Z : Z Jt (o

Metropolis-Hastings algorithm

Now we design the transition matrix P;;. There are two conditions to be satisfied
P..
z Po=1 - —L=¢BlH-H)
4 z
We also want the implementation of P;; to be easy. Define a simple matrix Q;;, which is the

proposal distribution. An example is the symmetric one

Qij = %, N = degree of freedom
With the acceptance rate 0 < A;; < 1, we design the following transition matrix P;;
QijA;j, L#]
Wk 1—ZPU-, i=j
j#i

To satisfy the second condition (detailed balance, equilibrium 7;), we require

Aij _ -puy-ny) Qi
ji Qij
Now consider @;; = @j;. For the Metropolis strategy, the acceptance rate is defined as

Ay = min{l, e‘B(Hf_Hi)}

As an example, we have

A =ePH7H) 4. =1 when H; > H;

ij

Aij = 1, A]l = e_ﬁ(Hi_Hj), when H] < Hi



In this case, we have the detailed balance

T[l'Aij = <%e_ﬁHi) . e_ﬁ(H]'_Hl') = %Q_BH]' = 7'[] Aﬁ
.i y Mk
H; > H; State i State j . En
J L - T e ' T ag{'j
Energy Low High \ 1
Probability High Low ~—

If Q;; # Qji, then we need to adjust 4;; slightly. For the Metropolis strategy, we have

. QjieFHi
Aij = min {LW

This choice of A;; ensures detailed balance, and thus the Metropolis algorithm converges to

the equilibrium distribution

Glauber dynamics

The acceptance rate is defined similar to a sigmoid function
1
U Py
The detailed balance is also satisfied
1 1 1 1

A:— _BHi.—:— _ﬁH}'-—: A
My = e Bl Tz By T I

A

» Example application of Metropolis-Hastings algorithm
Consider the following graph G of electron spins.

o

o b
l m o~b : 0—o0

b

The state space is defined as S = {(xy, x5, ***, X;,,), x; = £1}, which is the set of all possible

binary strings of length m. Then we have |S| = 2™, which is a very large space.

The Hamiltonian is described as (with a ~ b denotes an edge in the graph)

H(x) = — Z XgXp

a~b



The goal is to sample x € S with probability
1
= _pBH(X)
p(x) =—e
Metropolis-Hastings algorithm uses the following acceptance rate

) yxe_ﬁH(y)

To make it efficient, the proposal distribution Q,,, is selected as symmetric

0wy ={"

Therefore, we have

-1

if x and y differ by 1 slot Ory = 0
0 otherwise ' i -

A, = min{l, e—B[H(y)—H(x)]}

xy

Suppose that x and y differ at slot p

H(y) = Z YaVb + Z YaVb

a~b a~b

a,b#p aor b=p
H(x) = z XoXp + z XgXp

a~b a~b

a,b#p aorb=p

The first term in the above expressions is the same. Since we only care about the energy
difference, we can just calculate
HO)=H@® = ) Gady —%0%)
a~b
aorb=p

This is much more efficient than evaluating H (x) and H (y) separately, which contain many

pairs in the summation.



Week 10: Lecture 17. Introduction to stochastic differential equations

»  Wiener process (Brownian motion, BM)

Consider the random walk &; = {1, —1} with equal probability Sn,
I [
Su= &~ N(©0,0%) 'R
k=1 «— : —> >
The variance is given as 0o

o2 = var(s,) = E [(Z &)( fl>] = F [Z fk] = n - E[¢7]

Now consider the scaled version &; = {\/A_ , —\/E} with time step At.

MWD \No.T)

Within time T, there is a total of T /At steps

T/At
We= &,  varWp) = E[7] = J
k=1 g

Therefore, we obtain a random variable
Wr ~N(0,06%2=T)

Another prospective is to consider different trajectories. The BM can

be viewed as a “path-wise distribution” such that
E[W,] =0, E[W2] =t
The local increment is
E[dW,] = 0, E[(dW,)?] = dt
A typical path of BM is fractal, and we should be careful when taking derivatives

» Stochastic differential equations (SDEs)

Two perspectives on SDEs:
SDE is a map from BM paths to another set of paths
SDE is a change of probability measure over the paths

ODE: Deterministic SDE: System with noise using BM

dx = v(x)dt, x(0) = x, dx = v(x)dt + dW, x(0) = x,
X

0 ___}Mop %

xct)




Ito’s formula
For usual derivative, the chain rule is
df (x) = f'(x)dx = f'(x)v(x)dt
However, for SDEs we have
(dx)? = [v(x)dt + dW]? = v2(x)(dx)? + 2v(x)dtdW + (dW)?
The leading term is (dW)? = dt. Therefore, we need to analyze the second order term in the

Taylor’s expansion
y

1 1
df () = f'()dx + 5 () (d0)* = f'C)v)de + f()dW + - f (x)de

Example: Consider

x=W, dx = dw, f(x) = x?
Newton’s calculus gives

df (x) = f'(x)dx = 2xdx = 2WdW

Ito’s calculus gives

df (x) = f'(x)dx + %f”(x)(dx)2 = 2xdx + (dx)? = 2wWdw + dt

Example: Consider
dx = —xdt, x(0)=1 = x(t)=et
For SDE, we have
dx = —xdt + dW, etdx + etxdt = etdW, d(etx) = etdW
Integrating both sides gives the analytic solution

t t

etx(t) —x(0) = f esSdW(s), x(t) =et +f e~t=9) dW (s)

0

There are very few SDEs that can be analytically solved. In most cases, we need to solve the

SDEs using numerical methods.

» Euler-Maruyama method for SDE
Discretize time into small intervals of At. The approximate solution X, is given as
Xy~ X(AL),  Xpyy = Xo + At - 0(Xs) + Wongnyae — Waae
The BM part follows the normal distribution
Zn = Wenenne = Waner  Zn ~ N(O,At)
Therefore, the Euler-Maruyama (E-M) scheme gives
Xps1 =X + At - v(Xy) + Z,, Z, ~ N(0,At)



Accuracy analysis
Order a strong error:

E[|X,, — X(nAt)|] < At*
Order  weak error (based on a smooth function):

E[|f (X)) — F(X(nAD))|] s CrALP

E-M method has the following accuracy orders



Week 10: Lecture 18. Introduction to wavelets
» Wavelets
Consider functions in L?(R), the pseudo-basis can be selected as
1. Delta functions: Spikes, good for signals sparse in time domain
2. Fourier basis: Plane waves, good for signals sparse in frequency domain

However, they are not L?(R) functions, so they are called pseudo-basis.

We want to construct wavelets, which are good for signals sparse in both time and frequency

domains. We also require the wavelets to be self-similar, as it is for spikes and plane waves

> Haar wavelets

Scaling functions Wavelets

\NZ 'NZ

o) | —Heb

g ’ r [_‘
V_4 w_, 'fa |
0 Va2
o Y2 Yo | LJ LJ

Each subspace is the span of the functions. The subspaces of scaling functions have the

following properties

Vier €V lim Vi =10}, lim V; = L*(R)

j—=+o0o
The wavelet subspaces W satisfy
ViW,  Va=Vew
Recursively doing the direct sum, we have
VO :W1®W2®

The Haar wavelet is discrete self-similar. It has both time and frequency localization



Theorem. The function space L?(R) is the direct sum of all subspaces W;

LZ(]R) = OW_ . OW,dW, D -

» Generalization of wavelets
The Haar wavelet is not smooth, which leads to bad approximation property. To construct

smoother wavelet Y (t), we follow the procedure below.

Choose scaling function ¢(t)
We want ¢ (t) and its translation to form an orthonormal basis V. Given a function 8(t), we

hope to obtain an orthonormal copy of it.

We claim that ¢(t) can be represented by a linear combination of 8(t — n)
DO =) abt-m & §©) =)0
nez

This corresponds to a convolution. Because coefficients a,, are discrete, d(w) is 27 periodic.

The orthonormality of {¢p(t — k)},ez requires

+00
GO.$C- )= [ ¢~ k) de = 6,
In the Fourier domain, this condition becomes

Z|q§((u + 27tk)|2 =1
kez
Now we construct ¢(w) as the following to satisfy the above condition

f(w)

(SeerlB@ +2n00*) "

$(w) =




Scaling equation

The multiresolution causality V;,; < V; requires

=0 (3) =D ruptc—m)
nez

Again taking the Fourier transform and using recursion gives

o {0
< h(w) . ~ |1t z—p) -
Bew) === bw),  Pw) = LUT $(0)

This states that any scaling function ¢ (t) is specified by a discrete filter h,,. Note that h(w) is

also 2m periodic.

Theorem. The orthonormality of {¢p(t — k)},ez is equivalent to N VES
- - ~ w) '
()| +|hw+m)| =2, hO0)=v2 [ I \
§
Comment. h,, having finite support is a non-trivial property. -TG (o) T

Construct wavelets P (t)

The multiresolution causality W;,; € V; requires

ilp(%):Zgnd)(t—n), 1/’(0))—? ( )é( )

The orthonormality of {{(t — k) },ez requires

Z |1/A)(a)+2nk)|2 =1 & |§]?+|§w+m)?=2

k=—o0

The orthogonality condition V; L W; requires

Z Bw+ 270 (@ +21k) =0 & §@)h' (W) + §(w + MA* (@ + 1) = 0
k=—c0

We thus have the following solution

§(w) =e ' h*(w +m)

Wavelets ( ) Z gt —n)  P(w)= ? (Q> ) (Q)

nez

6(t) ¢(t) hy, In
Steps to construct

f(w) - ¢(w) © h(w) - 9(w)



Example: Haar wavelets

~ 1 1 oo ,
h(w) =ﬁ+ﬁe‘”", Jw)=e"h*(w+n) = —%+%e““’
o= QS(‘[:) hn Gn Yet)
Yz o !
I J 0 2 Yz
| ' |
o | o -z -

Example: Meyer wavelets
Meyer wavelet is very localized in the frequency domain, but its convolution kernel is infinite

as h,, # 0 for alln

by T Y
l \ \ \ \
! | ( I | {
-27/3 -4173 0 1;3 zvt./s ~ k3 '2"73 R 7
0 1 (@)
| | | 1+ | | i
08 - -
0.6 .
04 r .
02 F .
oL | | | |

—10 =5 0 5 10



Example: Daubechies compactly supported wavelets
For any given number p of vanishing moments, Daubechies wavelets 1(t) have a support of
minimum size [—p + 1, p]. The scaling function ¢ (t) has a support of [0,2p — 1].
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