MIT Integration Bee: 2025 Regular Season

Question 1

[
0 (x+1+2vx)

Solution With a change of variable 7 = \/x, we have

o 2rdt o dr o dr 1
I = 1= 2 3 -2 1= 3
o (t+1) o (t+1) o (+D* 3

Question 2

/ x2 cos (csc_l x) dx

Solution Based on the following trigonometric relations

x2 -1
csct = x, cost = ,
X

we have
1 3/2
I:/x xz—ldx:§(x2—1) +C.

Question 3

1/2025 [+ 2025 k ,—2025x
[T(E e
0 k=1 ‘

2025x

Solution Based on the Taylor series of e , we have

1/2025 1 1 1 1
7= / (ezozsx _ 1) 0~2025¢ 4, = _ 1-2)= .
0 2025 2025 e 2025e
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Question 4

Solution

Question 5

Solution

Question 6

Solution

Question 7

Solution

1+x

2

1-x

/2
/ cos (20x) cos (25x) dx
-2

1_/”/2003(5x)+cos(45x)dx_1+ 1 2
- —n/2 2 _5 45 9

2
/ max {x,xz,x3} dx

2

0 1 2
:/ xzdx+/ xdx+/ x3dx:§+l+§:§_
-2 0 1 3 2 4 12

1
+ —arctanx + C.
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Question 8

1
inx + —| dx
sinx 2‘

/27t
0

Solution

Tn/6 1 117/6 1
I:/ (sinx+—)dx—/ (sinx+—)dx:2\/§+z.
~/6 2 /6 2 3

Question 9

/ X (% + lnx) In (Inx) dx

d 2
= (x Inx - lnlnx) = x (1+21Inx) Inlnx +x.

Solution Note that

Therefore, the original integral is evaluated as

1 1
I = Elenx-lnlnx— Zx2+C.

Question 10

4
cos x —1
/—‘8 dx
sin® x

Solution Using the reduction formula

dx t
I, = ——> (n-1)1I,=- cotx +(n-2)1,-, L =—-cotx+C.
sin” x sin™ 2 x
The original integral becomes
.2 2
- -2 3 2 t
I:/ s1n)c‘6 cos xdx:I4—216:——I4+—-C_O4x
sin® x 5 5 sin*x
t 2 1
:Cox-(.4 +——+2]+C.
5 sin"x  sin“x
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Question 11

‘/\/x+\/ﬁdx

Solution Note that

1 2
x+Vx2—1:§(‘Vx—l+ x+l)
We thus obtain v
2
=% [(x 1324 (x+ 1)3/2] +C.

Question 12

Solution Note that

X3—X X X

-1 (2+x+1)(x2-x+1) (x2+1)2—x2

With the change of variable r = x?, we have

1 dt 1 2x2 + 1
I =— —zz—arctan +C.
2 (+1) +3 V3 V3
4

t+§

Question 13

/\/)ﬁdx

Solution Using integration by parts, we have

2
dx
I =xVx? - —/ r dx = x xz—l—l—/ )
Vx2 -1 x2 -1

Therefore, we have

1 1 1 1
I=—x x2—1——arccoshx+C:—xsz—l——ln(x+\/x2—1)+C.
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Question 14

/ ( sin x sin (sin x) sin (cos x)

+ cos x cos (sinx) cos (cos x)

Solution Note that

d . . . d .
o sin (sinx) = cos x cos (sinx), o cos (cosx) = sinx sin (cos x).

‘We can observe that

I = sin (sinx) - cos (cosx) + C.

Question 15

Solution Repeatedly using integration by parts, we have

I:_1n2x+/21nxdx:_1n2x_21nx+/3dx

X x?2 X X x?2

1
S (ln2x+21nx+2) +C.
X

Question 16

/ sin” (2x) e** dx

Solution

1 1 1 1 1
I:—ezx——/cos(4x)ezxdx:ezx(———sin4x——cos4x +C.

4 2 4 10 20

The second term is again obtained by repeatedly using integration by parts.
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Question 17

Solution Denote the integrand as

1
flx)= |x+
1
X+ =
We can see that f(x) should satisfy
1 1
fr=x+=, x=f2-—.
f f

The boundary values are obtained as

£(0) =1, f(z) =2.

With integration by parts, we have

7/2
I= fdx=xf
0

Question 18

+00
/ (x+1)* e dx
0

Solution Based on the reduction formula

+eo 2 n—1
I, = / xte™ dx = > 1,-0, withn >2, Ip=
0

we have the following results

\r 1 \r 1
Iy = — I = - = — .= — =
0= h=5 hL=- bL=5 1A
Therefore, the integral is evaluated as
19

I =1p+4I +612+4I3+I4:4+§\/E_

= —+1n?2.

x=7/2 2,01 14
)=
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Question 19

/2
/ cos (3x) cos (5x) cos (7x) dx
0

Solution

1 /2

I= ZL/ (cos 15x + cos 9x + cos 5x + cosx) dx
0
1 1 1 1 14
=—|l-——+=-+-+1]=—.

4\ 15 9 5 45

Question 20

1
/ e** sin (sinh x) dx
-1

Solution By changing the variable x — —x, we have
1 1
I= / ¢ sin (sinhx) dx = —/ e~ sin (sinh x) dx.
-1 -1
Therefore, we have
1 er _ e—2x 1
I= / — sin (sinhx) dx = / sinh (2x) - sin (sinh x) dx.
-1 -1

Using integration by parts, we have

/ sinh (2x) - sin (sinh x) dx = —2 sinh x - cos (sinh x) + 2 sin (sinhx) + C.

Therefore, the original integral is evaluated as

I =4sin (sinh 1) —4sinh 1 - cos (sinh 1).
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