MIT Integration Bee: 2024 Quarterfinal

Quarterfinal #1

Question 1

IR

Solution Denote the following functions

f@=0C sw=(5).

(1.2)
e
We notice that
f0) _dinf@©)
= = (xInx —x)" =1Inx,
fx) dx (1.3)
g') = dlng(x) =(x—-xlnx) =-Inx |
g(x) dx '
Therefore, the result is
I= / [£(x) +g(x)] Inxdx = f(x) — g(x) = (f)x - (f) +C. (1.4)
e X
Question 2
® sind x
/ d @.1)
0 X

Solution Using the triple-angle formula and the Dirichlet integral, we have

z:/‘x’ sin3xdx:/°"3sinx—4sin3xdx:3_7r_41‘ 2.2)
2 0 X 0 X 2

o .3
1:/ M X =2 2.3)
0 X 4

Therefore, we have




Question 3

dx (3.1)

S © o = =
[
o
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oS O = o=
[S—
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Solution Denote the determinant as F5(x). We can first obtain the following recurrence relation
Fo(x) = xF_i (x) = Fy_a(x), with Fi(x) =x, Fa(x) =x> 1. (3.2)

Therefore, we have
F3(x) = xF>(x) — Fi(x) = x° - 2x,
Fi(x) = xF3(x) — Fo(x) =x* = 3x% + 1, (3.3)
Fs(x) = xF4(x) = F3(x) = x> — 4x> + 3x.

The integral is thus evaluated as

1 3
I:/F5(x)dx: 6x6—x4+§x2+C. (3.4)

Tiebreakers Question 1

2024
/O 2% logyns (x) dx (4.1)
Solution
1 2024 2024
I= Inx dx
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Tiebreakers Question 2

—o00

2 2024

lim [x—m‘” [ ]sin (nx’)] dx (5.1)
0 n=1

Solution  First, we study the following function

: t
falx) = lim amax (5.2)

xt

When x > 1, we have |sin ax’| < 1 but x’ — oo. Hence, we have f,(x) = 0 for x > 1. On the other

hand, when 0 < x < 1 we have x’ — 0 and thus f,(x) = @. As a summary, we obtain

. sinax!  |@ x| <1,
fa(x) = lim —— = (5.3)
0, |x|>1.
Using this result, we speculate that
2024 2024 20241, |x| <1,
F(x) = lim x4 [ sin (nx') = | ] fulx) = (5.4)
t—o0
n=1 n=1 0, x| > 1.
Finally, the integral is evaluated as
2
1 :/ f(x)dx =2024!. (5.5)
0



Quarterfinal #2

Question 1

Solution Re-organize the order of operations, we have

I ol .
LW R

Note that the leading order term of the sum is
- 1
Z k* = gns +o(n).
k=1

Therefore, after taking the limit we have

n
Z k4.
k=1

6.1

(6.2)

(6.3)

(6.4)



Question 2

1 ln(l +x2+x3 +xt X +x6+x7+x9)
/ (7.1)
0 X
Solution We notice that
T+x2+ 3+ 4+ 20 + 0+ X7+ = (1 + )1+ ) (1 +xY). (7.2)
Therefore, we study the following integral
1
In (1 +x®
F(a) = / A+ v withae > 0. (7.3)
0 X
With a simple change of variable 1 = x“, we have
1 'In(1+1) n?
(@) a /0 t 12a 74)
Finally, the result is
(1 1 1) 132°
I=F2)+FQ3)+F4)=—=|z+z-+-|=—+. 7.5
2+ FG)+F(4) 12(2+3+4) 144 (7.5)
Note The following type of integral has appeared several times
In(1+1 !
/ n ( )d—Z( ) / g
0 t 0
(7.6)
Z ( 1)n 1 ~ 71.2 7T2 7'[2
- 24~ 12
Using integration by parts, we also have
1 1 2
Int In(1+¢
/ n - / M dr = - (7.7)
1+1 +t 0 t 12



Question 3

/01 (1 ~ 2()2%)2024 "

Solution We study the following general integral

F(a):/ol (1—x%)“ dx.

l/a

With a simple change of variable r = x'/%, we have

1
F(a) = a/o (1-0)%t* ' dr

2 1
=aB(a+1,a) = (@+1)

Finally, the integral is evaluated as

FrRa+1)

1=F(2024) =

r2(2025)  (2024)* 1
'(4049)  4048! (4048
2024

%

(8.1)

(8.2)

(8.3)

(8.4)



Quarterfinal #3

Question 1

2r
/ card ({|sinx], [cosx], [tanx], [cotx]}) dx 9.1
0

Solution We summarize the cardinality of the set in the following table.

5 | (55| (5%) | (Grn) | (=) | (%) | (55) | Fm
lsinx] | 0 0 0 0 -1 -1 -1 -1
Lcosx] 0 0 -1 -1 -1 -1 0 0
|tan x| 0 >1 < -1 -1 0 > 1 < -1 -1
leotx] | >1 0 -1 <-1 > 1 0 -1 <-1
card 2 2 3 3 3 3 3 3
Therefore, the integral is evaluated as
n 11x
I==2+3+3+3)=—. 9.2)
2 2
Question 2
+00 dx
/ (10.1)
0 (x+1) (ln2x+7r2)
Solution Using several changes of variables, we have
ey
I =
0 (x+1) (lnzx + 712)
oo Ldt
:/ - ¢ 5 5 (tzlnx, x=eé, dx:eldt)
—eo (€' +1) (12 + 72 (10.2)
B /+00 dt /+oo dt
CJe 22412 o (et +1) (12 + n?)
1 £y [+ oo e’ dt
= — arctan (—) — (t —> —t)
V4 /e Joo (ef+1) (12 +72)
Therefore, we have
1 oo 1
21 = — arctan (—) =1, I=—. (10.3)
n /) oo 2




Question 3

n

lim l ; max ({x},{\/ix},{\/gx})dx (11.1)

n—oon

Solution This integral can be translated into the calculation of an expectation. Denote X1, X7, X3
as three independent variables drawn from the uniform distribution U[0, 1]. Denote the new random

variable Y = max (X1, X, X3). Therefore, the integral is equivalent to
I =E(Y) = E [max (X1, X», X3)] . (11.2)

The CDF fy(y) is computed as follows, based on the independence among X;

3
=B <y=[[PX<y=y. foyelol]. (113)
i=1

Therefore, the PDF py(y) and the expectation are obtained as

%:

pr(y) = dy

1
3
3y,  I=E(Y)= /O ypy(y)dy = 7. (11.4)



Quarterfinal #4

Question 1

er
/ (1 — ¢x)20%4 dx (12.1)

Solution With a simple change of variable r = ¢*, we have

[ tdt B dr dr
- (1 — )20 - (1= )20 - (1—1)208
1
2023 (1 — %)X 2022 (1 — ex)202

(12.2)
+C

Question 2

lim log, (/01 (1 —x3)" dx) (13.1)

Solution We first study the following general integral
1
F(a) = / (1 -x%)" dx. (13.2)
0
With the standard change of variable r = x*, we have
1! 1 1
F(a) = —/ (1- t)"t%‘1 dr = —B (n+ 1, —) . (13.3)
a Jo a a
Based on the Stirling’s approximation for the gamma function
InT'(z) ~ zInz, (13.4)

the limit can be obtained as

InF(a) _ . InI'(n+1)-InT(n+1+a ")

I(a) = lim

n—o  Inn n—o0 Inn
o | (13.5)
. a 'lnn
=lim ——=——
n—c  Inn a
Therefore, the result is
1

I=13)= -3 (13.6)



Question 3

/ sin x CcoS X dr (14.1)

1+sinx 1+cosx

Solution Note that

2 x +cos? x + sinx + cos x

sinx cosx sin
1+sinx 1+cosx (1 + sinx) (.1+COSX) (14.2)
COS X sin x
=1- — + .
(1 +sinx 1+cosx
Therefore, the integral becomes
I=x—-In(l+sinx)+In(1+cosx)+C
(14.3)
1+sinx

10



