MIT Integration Bee: 2024 Final

Question 1

12 cos x

V3 cosx + 4sinx

Solution Denote the following integrals

"2 cos x /2 sinx
1= [ - __dx, J=| - — dr.
V3 cosx +4sinx V3 cosx +4sinx

Now consider the following function f(x) and its derivative

3cosx +4sinx 2 4cosx —3sinx

fx)=(@3 Cosx+4sinx)2/3 =

. fw=3

V3 cosx + 4sinx

‘We can obtain
x/2 1 x/2 3
f(x)de*” = ¢ f(x)dx:§I+2J,
8
/ 2 df(x) = / 2 ' (x) dx = §I -2J.
Therefore, based on the product rule we have

I:%[/f(x)dex/2+/ex/2df(x)

6
=35 ¢*? (3cosx +4sinx)?? + C.

3 V3cosx +4sinx.
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Question 2

“In(2e* -1
/ n (2e )dx
0

eX —1

Solution With several changes of variables, we have

I =

/“m@ﬂ—n
0

As we have the following result

1 tn+1
/ "Intdr =
0 n+1

we finally obtain

dx

+00 1 +00 1 +00
2;(2y+n222225_;;

1 n?

2n)? 8
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Question 3

+00 dx
3.1
.[oo X3 +x2+x+1 (-1

Solution Directly using the residue theorem on the contour in Fig. |1, we have

Im(z) ,

Cr

L 2
Y

R 0 R Re(z)

Fig. 1 Semi-circle contour in the upper plane to evaluate the integral over the real line. z; and z; are simple poles.

+00 _ 1
= / 3 [ dx =2ni [Res (f,z1) + Res (f, 22)] (3.2)
—c0 X7 —
where
z-1 2mi 47y )
f(z2) = S 71 = exXp (?), 72 = exp (?) =7z 3.3)

The residues are calculated as

(z-z)(z-1) z1—-1 z1-1 i~z -z

R , =1 = = = , 34
es (f,z1) Jim 51 52? 57, 5 5 3.4)
. (z=22)(z-1) z22-1 zo-1 25—12 Z1—22
R s = 1 = = = = . 35
es (f,z2) Jim 51 513 55 5 5 (3.5)
Finally, we obtain
2ri 4n . (27\ 4xV10+2V5  V10+2v5
I = — (71 — = —3gi ] = — = . 36
5 (Z1 —z1) 5 sm( 5 ) 3 2 5 bis (3.6)



Question 4

[1 (3/1+ﬁ+\3/1—m>dx 4.1)

1/3

Solution Denote

a@) =VI+V1-x3, b=V -VI-2,  y(x) =ax) +b). 42)
‘We notice that

a+b>=2, ab=x — y> =a’ +b° +3ab(a +b) = 2+ 3xy. (4.3)

Therefore, using integration by parts, we have

1 x=1 y(1)
I= / y(x)dx = xy —/ x(y)dy. 4.4)
~1/3 x==1/3  Jy(-1/3)
Based on the following results
1 3-2
Vodxy-2=0 =  y()=2 yl-=|=1. x(y)=1—2, (4.5)
3 3y
we finally obtain
7 2y3-2 14 2
3 /1 3y, 09730 (+6)



Question 5

dx (5.1

J; e[ (- e

Solution For a real number x € (0, 1), its binary representation is

+00
_N e _@ a4 Gk ;
x—;zk =Sttt withag € {01}, (5.2)

We need to evaluate the difference between the integer parts of the following two expressions

2y =" lgy 4 day + “”2” “;2 ";3 T (5.3)
n 1 n— An+l apyd — 1 (257}

Vx-7=2 lay+-+a,+ "2+ + ”+22 + ; +oe (5.4)

The difference between the integer parts is either O or 1. The condition is analyzed as

n n 1 el G2 — 1 apys
L2xJ—[2x—ZJ:l — L 2 <0 (5.5)
Therefore, we conclude
1 L, aps = an2 =0,

127x] - {2% - ZJ - (5.6)

0, otherwise.

Taking the maximum over n € N simply picks out the earliest index n that satisfies a,+; = a,4+2 = 0.

Define the following probability
P(X,) = Prob. of first having a,+| = a,+> = 0 in an infinite binary string.

We can write down

1 1
P(Xp) = 7 P(Xy) = 3 (5.7

Note that event X, indicates that a,, = 1. The recurrence relation can be obtained as
1 1
P(Xp42) = ZP(XH) + EP(XnH)- (5.8)

The integral is now equivalent to an expectation

+00 +00 +00
P(X,) 1 1 1 1 1
IZZ 2nn ZP(X0)+§P(X1)+ZW'ZP(Xn)‘FZﬁ'EP(Xn)
=0 n=0 n=1 (59)
1 1 I 1 1
=—+—+4+—+-|1-=].
4 16 16 4 4
Finally, the result is
1 5 4
I=-+—1 I=—. 5.10

4 16° 11 ( )



Tiebreakers Question 1

/ dx
Vit + 1

Solution With several changes of variables, we have

1—/ d
Vit + 1

1 dy 1 dy
[l et e
Y yr+1 X y

2 _3/4
:—/t4 - dr &:Wﬁ+L y=—1, @:ﬁ@ﬂq) dﬁ.

This leads to
I 1 / dt 1 / dt
2J) 1-2 2J) 1+
1 1+1¢ 1 1
= Zln T4~ 3 arctant + C = Earctanht -3 arctant + C.
Going back to the original variable, we have
. Vit + 1 P 4ﬁ+1+1 4ﬁ+““+c
= , = —— arctan —n|—— .
X 2 X 4 |Vt +1—x

Note Using the identity arctan x + arctanx~! = 71/2, we can also write

/ 1 . ( X )+11 Vit +1+x +C
= — arctan —In|— )
2 Vat + 1 4 Vxt+1-x
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Tiebreakers Question 2

/2” (sin2x — 5sinx) sinx
o cos2x —10cosx+ 13

Solution Note that

I /2” (sin2x — 5sinx) sinx i = /2” (2cosx —5) (1 —coszx)
~Jo cos2x—10cosx + 13 o 2(cosx—2)(cosx—3)

/2n +5+3 ! + 4 dx
=- CoOSX + — + =
0 o 2 2cosx—2 cosx—3

3 2r dx 2r dx
—esn-d [T e [T
2Jo cosx—2 o cosx—3

For the integral of rational functions of cosine and sine, we have the general result

2 2 2
1 -1\ d
/ R (cos 6, sin ) d@zjg R(Z Al ,Z - ) —Z
0 l2|=1 27 2iz iz

2r
dx d
F(a):/ —:—Zif 2—Z
0 Ccosx+a lz]=1 2+ 2az + 1

Using the residue theorem, we have

Therefore, we have

2r n
F(-2) = —%, F(-3) = —E.

Finally, we obtain

I=—57- %F(—Z) _4F(=3) = (\/§+ 2V2 - 5) r.

Note The poles of function f(z) = (z2 + 2az + 1)_] are
71 =—a—-Va? -1, 2 =—-a+Va?-1.

Therefore, we need to discuss different cases to apply the residue theorem.

(a) Whena > 1, we have |z;| > 1 and |z3| < 1.

4 2
F(a) =4nRes(f,z2) = T dl when a > 1.
72 — 11 a2 -1
(b) When a < —1, we have |z1| < 1 and |z| > 1.
4 2
F(a)=4nRes(f,z1) = T T when a < —1.
71 — 22 a? -1

(¢) When —1 < a < 1, the integral does not converge.
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Tiebreakers Question 3

/Vx4—4x+3dx 8.1

Solution We first have

I:/(x—l) x2 4+ 2x +3dx
1
:5/ x2+2x+3d(x2+2x+3)—2/\/(x+1)2+2dx'

(8.2)

Note that

1 2
/\/x2+a2dx:Ex\/x2+a2+%ln‘x+\/x2+a2‘+c. (8.3)

Therefore, we obtain

[S1I4)

—(x+1)\/x2+2x+3—21n‘x+1+\/x2+2x+3‘+C. (8.4)

I:%(x2+2x+3)



Tiebreakers Question 4

/ ™ sin? (2% cos? (3) [40052 (2% (4cos2 (3% —3)2 - 1] dx ©.1)

(o)

Solution Using the triple-angle formula cos 30 = 4 cos® 6 — 3 cos 8, we have

+0o
I= / [4 sin? (2) cos? (2%) cos? (3**!) —sin® (2%) cos® (3)‘)] dx
e 9.2)
= / [sin? (2*") cos? (3**!) — sin® (2°) cos? (3%)] dx.
Now denote N
Iy = / [sin® (2*") cos® (3"*!) — sin® (2) cos? (3Y)] dx
-N

N+ ©.3)

N+1
= / sin? (2) cos? (3%) dx — / sin” (2%) cos? (3%) dx.
N -N
The second part goes to 0 as N — 400 according to the mean value theorem. For the first part, we

can evaluate it as

N+1
Ay = / sin? (2%) cos? (3%) dx
N

1 1 N+1 (94)
=177 / [cos (2 -3%) - cos (2**1) — cos (2 - 3%) cos (2"”)] dx.
N
Therefore, we conclude
) ) 1
= Jim I Jim Ax = ©9



Tiebreakers Question 5

© |x]x?
dx
,/2 x0—1
Solution Note that .\ 1
) |_XJ)C2 © /n+ I’lX2
I = dx = dx
/2 x6 -1 ; n x0 -1

n P -1
_Z gln 341
) P+ n

Denote the following functions g(n) and h(n) for convenience

_(n—1 o (nP+n+1)  [n(n+1)+1
g(n)—ln(n+1), h(”)—ln(nz_n+1)_ [(n—l)n+1'

Therefore, we have

0 = et + oy = o

and the integral becomes

I= 23 (s 1) = nf(n)
n=2
1
= ¢ l. hm nf(n+1)-f(2) - Zf(n)]

We can first calculate the limit as

4

lim nf(n+1) = lim S = —n’f'(n) = lim 66n i =0.
n—+oo b —

n—+00 n—+00 p n—>+oo

Furthermore, the infinite sum is

> =) [g(n) +h(m] =In2-In3.
n=2 n=2

Finally, we have
1 1 27
I——g[f(2)+ln2—ln3] gln(m)

10

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

(10.6)

(10.7)

(10.8)



Lightning Question 1

[l

Solution 1  Using the Beta function, we have

1
F(a):/o (1-x%)% dx
1

1
= —/ /(1= 1) dr (r =x% dx= dt)
0

(0

! (a_l,a+1): F(a/)F(a_])

- - B :
a F(a+a‘1+1)

The property I'(a + 1) = al'(«) is applied. Therefore, we obtain a more general result

[=F(a)-F(a")=0  fora>0.

Solution 2 Note that the two functions are inverses of each other
L
y=fE =02, x=fT0)=(1-y%)"

Therefore, using integration by parts, because y(0) = 1 and y(1) = 0, we have

x=1 y(1) 1
—/ x(y)dy=/ xdy = Fla™).
y 0

x=0 (0)

1
F(cv)=/0 ydx = xy
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Lightning Question 2

4
m/m(x:fl) dx (12.1)
4
I:/(1+ 1)dx
x—1 (12.2)

=x+4In|x-1]| -
X

Solution

Lightning Question 3

/ [tan (1012x) + tan (1013x)] cos (1012x) cos (1013x) (13.1)

cos (2025x)

Solution

_/ sin(1012x)cos(1013x)+sin(1013x)cos(1012x)dx
B cos (2025x)

1
= / tan (2025x) dx = ~3035

(13.2)

In |cos (2025x)| + C.

12



