MIT Integration Bee: 2023 Semifinal

Semifinal #1

Question 1

/eco”cos (2x + sinx) dx (1.1)

Solution
I= / €“*** cos x cos (x + sinx) dx + / sin (x + sinx) d (e**¥)

= ¢“** sin (x + sinx) — / €“*** cos (x + sinx) dx

(1.2)
= ¢“®*sin (x + sinx) — / €“*®* cos x cos (sinx) dx — / sin (sinx) d (e**¥)
= e“®*sin (x + sinx) — €“*** sin (sinx) + C.
Question 2
1
/ (9x9 — 90 4 999 _ 900 | 9,909 _ 990 , 9,999 _ 9000 . ) dx 2.1
0
Solution The contribution from the dominant terms in the integrand is
1 o0 9
I = / (9x9 +9x% + 9% £ 9xPP 4. ) dx = Z — =1 (2.2)
0 10
k=1
The remaining part becomes
1
L= / (= x50 _ X900 4 9,909 _ 99
0 (2.3)
_ x9000 | 99009 _ 9090 | 99099 _ (9900 | 9909 _ (9990 _ ...y gy

This can be considered an alternating series that eventually sums to zero. Therefore, we can say

I=L+L=1. (2.4)



Question 3

/” 2 cosx —cos (2021x) — 2 cos (2022x) — cos (2023x) +2 dx
0 1 —cos2x

Solution Using the trigonometric identity, we have
cos (2021x) + cos (2023x) = 2 cos (2022x) cos x.

Therefore, the integral becomes

] /” 2(1+cosx) [1—cos(2022x)] dr = /” 1 — cos (2022x) dx.
0 2 (1= cos?x) 0 1 —cosx

Denote the general result as

T1—cosnx
I, = — dx, n € N.
" /0 1 —cosx

Obviously we have Iy = 0 and /1 = . The reduction formula can be obtained as

InH:/”l—cos(n+1)xdx:/”1+cos(n—1)x—2cosnxcosxdx
0 0

1 —cosx 1—-cosx

T2 —2cosnx+2cosnx —2COSHnxXCOSX
=—Iy—1+ dx
0

1 —cosx

T
:Zln—ln_1+/ 2cosnxdx =21, — I, 4 forn > 1.
0
This implies that {7, } is an arithmetic sequence, and thus 7, = nx. Finally, we have

I = I =2022 7.

Question 4

3lnx -1
/ nx + 2x dr
xInx +x2 + 2x4

Solution Note that

d 3 1+x+6x3 1 Inx+x+2x3
—ln(lnx+x+2x): , - = .
dx x (Inx +x +2x3) x  x(Inx+x+2x3)
The integrand can be written as
3lnx—1+2x 3 1 +x + 6x°

xlnx+x2+2x%  x x(lnx+x+2x3)'

Therefore, the integral is calculated as

1:31nx—1n(1nx+x+2x3) +C.
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Tiebreakers Question 1

In2 1
dx
ARE=

Solution With the change of variable, we have

1 t+1 dr
= x:ln(T), dx:

e =1’ e+ )

Therefore, the integral becomes

[T {ryde _+°° ! udu
1_[ t(t+1)_;/0 (u+n)(u+n+1)

Each single term can be evaluated as

/1 udu /1 n+1 n
= - du
o (u+n)(u+n+1) o \u+n+1 wu+n

=(n+1)[In(n+2)-In(n+1)]-n[ln(n+1) —Inn]

=(m+1)In(n+2)—-nln(n+1)+nlnn—(n+1)In(n+1).

Now denote the following two series
a,=nln(n+1), b,=nlnn, n=1,2,3,---.

The integral can thus be calculated as

+00

1= (ant = an+by = bpt) = by = ar + lim (ay - by)

n=1

=—In2+ lim ln(1+l) =1-1n2.

n—oo n
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Tiebreakers Question 2

S (Ver b= de V=)

Solution  Similar approach to 2024 Final: Question 4. Denote

a(x) = \3/x+\/x2— 1, b(x) = \3/x—\/x2— 1, y(x) = a(x) + b(x).

Now we can show that

a’+b® =2x, ab=1 = > =a®+b> +3ab(a + b) = 2x + 3y.

Using integration by parts, we obtain

x=9 y(9)
- / x(y)dy.
LJy

9
1 :/ y(x)dx = xy
1 x= (1)

Since we have

1. 3
yY=224+3y =  y(1)=2, y9) =3, x(y)= §y3 -3

we finally obtain

13 35 165
[=25-= 3 _3yldy=25-=>="—"".
> 2/2 (y 3y) V=BT
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Semifinal #2

Question 1

/(W—x/z)”dx

Solution Denote y = Vx + 1 — +/x, and then we can show that
2 2
yz—y_zz(\/x+ —\/)_c) —('Vx+l+\/)_c) = —4\x Vx + 1.

The derivative y’ can thus be expressed as

y,:\/_—\/x+l: 2y
2V Ve+1  yr-y?

Hence, we can obtain

d yn+1 2yn+1
— — iy = -
dx(n+1) vy y2 —y2

Based on Eq. (7.4), when n # +2 we have

i ( yn+2 yn—2 ) _ 2 (yn+2 _ yn—Z)

de\n+2 n-2

Now, the original integral is calculated as

L (Vx+1-v0)™  (Vx+1-+x)™?2
I == - +C.
2 m+2 m=2

Question 2

2
/ (2 =2)? —2)? ~2)? ~2) dx
)

Solution  With the change of variable x = 2 cos 6 with 8 € [0, ], we have
x2—2:4c0s29—2:2cos29, dx = —2sin 0 dé.

Then we know that

fx)=x*=2=2c0s20, f*(x)=(fof)(x)=2cos40, f*(x)=2cosl66.

Therefore, the integral is evaluated as

I /ﬂ4 16 sin 6 o 2/”(' 176 - sin 150) 6 = — — 2 i
= COS Sin = Sin — Sin = - =—-——=.
0 0 17 15 255
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Question 3

T tanh
/ anh x dr
o xcosh2x

Solution The integrand can be written as

tanhx 1 e"—e™ 2
XCosh2x x e’ +e ™ @2 4 o2
2 e (e 1) 2( 1 1
T x (e2X+1)(e4x+1)_)_C(ezx+1_e4x+1).

For the Frullani integrals, we have the following property

¥ flax) - f(bx)
X

dx = [£(20) = f(O)]In .

0
The integral can now be written in the form of

2 o [T
eX +1 0 X

fx) =

Finally, we can evaluate it as

I =[f(c0) —f(O)]ln% =1In2.

Question 4

/ sin (4 arctan x) dx

Solution With the change of variable ¢ = arctan x, we have

. X 1 dr
tant = x, sint = , CcoSt = , dx =

=—.
x2+1 x2+1 cos“ 1

The integral can thus be computed as

i 2sin2t (2cos?t — 1
I:/sm4tdt:/ ( )dt

cos2t cos2t

= / (4sin2t —4tant) dr = —2cos2t —4In|sect| + C.

We also know that )

1- 2
cos 2t = al :—1+—1, sect = Vx2 + 1.

x2+1 x2 +

Therefore, the final result becomes
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