MIT Integration Bee: 2023 Regular Season

Question 1

2r
max {sinx, sin 2x} dx
0
Solution
/3 Fig 5n/3 2r
I:/ sin2xdx+/ sinxdx+/ sin2xdx+/ sin x dx
0 /3 b 5n/3
/3 2n/3 3 5
:2/ sin2xdx+/ sinxdx=2x-+1=—.
0 /3 4 2
Question 2
! x+1/x+2
/ dx
0 x+3/x+4

Solution

1.2 1
4 1 1 1
I:/ ﬂdx:l—z‘/ —_ d_x:l_lng_.
0o X2+5x+6 o \x+2 x+3 64

Question 3

Solution

1 35_ 4 2 3
1:/ 2xdx+/ dx—/ ——dx—/ (2x=5)dx=1+3+140=5,
0 2 o 2 2

(1.1)

(1.2)

2.1

(2.2)

3.1

(3.2)



Question 4

| —
2023 (1-)’s
Solution Denote the following series
1 1
ar=1--, a,=1- for n > 2.
X ap—1
We can show that {a,} is 3-periodic
1 1 1
ar=1--, a = , as =x, as=1--=a;
X I—x X

Therefore, the integral is computed as

1
I:/I——dx:x—lnx+C.
X

Question 5

/2
/ x cotxdx
0

7/2 /2 /2
I = x1n (sinx) ‘0 —/ In (sinx) dx = —/ In (sinx) dx.
0 0

Solution

This is a classic definite integral, and it is evaluated as follows

/2 1 /2 /2
/ In (sinx) dx = > [/ In (sinx) dx +/ In (cos x) dx]
0 0 0

1 7?2 V4
:5/0 1n(sin2x)dx—zln2
1 T
:Z‘/o ln(sint)dt—%1n2

1 /2
- 5/0 ln(sint)dt—%lnl

Therefore, we obtain

/2
/ In(sinx)dx = —~1n2, I=2In2.
A 2 2

(4.1)

4.2)

4.3)

4.4)

S.D

(5.2)

(5.3)

(5.4)



Question 6

6 4 2
/(x e _l)ex”/xdx ©.1)
X

I and we have

Solution Denote f(x) =x +x~

d x+1/x _ 1 x+1/x
ae = (1 - ;) e . (62)

The integral can be calculated as

2
I:‘/(X+%) (1—%) eX+l/xdx:/ [f(x)]zf,(x)ef(x)dx
=[P -2f(x) +2} /@ +C

2 1
= (x2 —2x+4-"+ —2) et . (6.3)
X X

Question 7

(7.1

/ dx
VE+1)3(x - 1)

Solution Note that

| | |
Ja+Pa-1 Ja+1? Ja+Da-1

1 1 x+1 x—1
- (x+1)2'§(\/x—1_\/x+1)' (7.2)

With u = Vx — 1 and v = Vx + 1, we can express the integrand as

! _uv ‘ZW _d (E) (7.3)
Vax+1)3(x - 1) v dx tv
Therefore, the integral is calculated as
x—1
I= +C. 7.4
x+1 74



Question 8

Solution

T
/ x sin® x dx
0
1

v/ 1 v/
I:—/ x(l—cos2x)2dx:—/ x (3 —4cos2x +cosdx) dx.
4 Jo 8 Jo

Since we have
d 1 [~ - -1
In:/ xcosnxdx:——/ sinnxdx:L,

0 0

n n?

the integral is evaluated as

Question 9

Solution

dx
= 120/ G- DE -GN D

The coefficients of the partial fraction decomposition can be obtained by taking the limits.

1 A B C D E

x(x-1Dx-2)(x=-3)(x—-4) :;+x—1+x—2+x—3+x—4'

‘We can show that

1
A=1 =24.
G- -2 (x-3)(x-4)
Similarly, the coefficients are solved as
A:E:i, B:D:—l’ C:l
24 6 4

Hence, the integral can be computed as

I=5In]x| - 20In|x — 1| +30In|x = 2| = 201In|x = 3| + 5In|x — 4| + C.

(8.1)

(8.2)

(8.3)

(8.4)

©.1)

9.2)

9.3)

94)

9.5)

(9.6)



Question 10

sin 2x cos 3x
sin” x cos3 x
Solution

6
I:/ (8cotx— —) dx = 81In|sinx| —6In|tanx| + C.
sinx cos x

Question 11

(s i)

Solution Note that

d ( 1
— (xVInx| = Vlnx + , I=xV2Inx+C.
dx ) 2VInx

Question 12

1
/ n(cc;sx)d)C
COS? X

sin’ x

Solution

cos? x

I =tanxIn (cosx) +/

Question 13

Z+1
/ sin (x —sin (x —sin(x —---))) dx
0

Solution Denote the function as y = y(x), and then we have

y=sin(x —y), X =y +arcsiny, v(0) =0, y(z+1):1.

2

Therefore, the integral becomes

1 /%H dx /1 1 ! d ! 1 >
= ydx= [ y|1+ y==-+1==2.
0 0 V1 -y2 2 2

dx =tanxIn (cosx) +tanx —x + C.

(10.1)

(10.2)

(11.1)

(11.2)

(12.1)

(12.2)

(13.1)

(13.2)

(13.3)



Question 14

100
./0 |x]x[x] dx

Solution With N = 100, the integral is evaluated as

100 100

100 .k
1 3 k
I= k(k—Dxdx== ) k(k-1)Q2k-1) = kK- Zk>+ =
D k= =53kt 1 >;( i3]

_ N} (N+1? N(N+D(Q2N+1) .\ N(N+1) N*-N? 100*-100°

B 4 4 4 4 4 '

Question 15
1 3 5

/ B P R o g o 1 &

2
) 1 1 1
1+ (m + FEEE + —(X_S)S)

Solution Denote the following function and the integral can be expressed as

_ 1 ! ! _ [T S
f(x)_x—1+(x—3)3+(x—5)5’ I_Lo 1+[f(x)]2dx

(14.1)

(14.2)

(15.1)

(15.2)

Note that there are singularities x = 1, 3, 5 after the substitution (see 2024 Semifinal #1: Question 1).

The limits are analyzed as follows

f(=00) =0, f(17) = —co,  f(17) = +c0, f(37) = —oo,
f(3) =400, f(57) — -0, f(5%) — 400, f(+00) — 0.

Therefore, the integral is evaluated as
x=1" x=3" x=5"
+ arctan f , Tarctan f , Tarctan f

x=—00 x=1 x=3

xX=+00
x=5%

= — [arctan (—o0) — 0 + 2 arctan (—oo) — 2 arctan (+o00) + 0 — arctan (+00)]

I=- (arctan f

= 6arctan (+o0) = 3.

(15.3)



Question 16

b/
/ sin’ (3x + cos™ (5x)) dx (16.1)
0
Solution
1 T
1:%—5/0 cos (6x+2cos4 (5x))dx: g (16.2)
Question 17
5
/ (=D)LL V3L g (17.1)
0

Solution The nodes within the interval [0, 5] are listed below
0, 1, V2, V3, 2, 2V2, 3, 2V3, 4, 3V2, 5.

We need to add or subtract the length of each interval accordingly. The integral can be evaluated as

I=-0+42X1-2xV2+2xV3-2x2+2x2V2
—2x3+2x2V3-2x4+2x3V2-5=8V2+6V3-2l. (17.2)

Question 18

oo 1 3 5
/ x+1 x+3 x+ - dx (18.1)
0

x+2.x+4-x+6“.

Solution This integral should be 0, as the integrand always converges to O for all x € R*. In other

words, f(x) =0 forx > 0.



Question 19

/2 o 23
/ su? X dx
0 sin x

Solution We can obtain the reduction formula

sin (nx) _ sin [(n — 1)x] cosx

fu(x) =

i . +cos [(n—1)x]

sin x smx

_ sin [(n — 2)x] cos? x +‘cos [(n —2)x] cosxsinx +cos [(n — 1)x]
sin x

= fu-2(x) —sin [(n —2)x] sinx + cos [(n — 2)x] cosx + cos [(n — 1)x]

= fua(x) +2cos [(n—1)x].

Therefore, the corresponding definite integrals satisfy

/2 I, > n is odd,
I, = n_2+2/ cos[(n—1)x]dx = ) n—1
0 I, >+ sin( > 71) n is even.
The original problem can thus be evaluated as
Vs

Question 20

10 (1x/2]  Tx/2]
/1 ( T )dx
Solution We first obtain

o 2k+1 |_X/2J |'x/2-| ~ 2k+1 k k+1 _1 k+1
lzk_/Zk (LxJ T )dx_/2k (ﬁ+2k+1)d’c‘§+2k+1’

2k+2 2k+2
2k+1 =/ Lx/2] + [x/2] dx :/ k + k+l dx = k + l
et \Lx) [ el \2k+1 2k+2 2k+1 2

Therefore, we conclude that

D + kel = 2, VkeN.

The original problem can thus be evaluated as

99

. . 3 197
1:21,1_100—10_100—5_7.

(19.1)

(19.2)

(19.3)

(19.4)

(20.1)

(20.2)

(20.3)

(20.4)

(20.5)



