MIT Integration Bee: 2023 Final

Question 1
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(sinx + cosx)?
Solution With the change of variable r = V'tan x, we have
t = Vtanx, 312dt = sec? x dx.

Therefore, the integral becomes
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Note The following integral can be calculated using the residue theorem.

© dx
I, = _ for n > 2.
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Based on the contour in Fig. [T} we have
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Fig. 1 Sector-shaped contour in the upper plane for n = 3. There is one simple pole z; within the contour.
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Question 2

/” sin 2x sin 3x sin 5x sin 30x |’
o \sinx sin6x sin 10x sin 15x

Solution Using double- and triple-angle formulae, we have
I:/” cosx cos 15x ) dx:/” 4cos? 5x -3\ dx
o \cos3xcos5x o \4cos?x-3
_/" 2cos 10x — 1 de— 1/2" 2cos5x — 1 de
“Jo \2cos2x -1 2 Jo 2cosx — 1
We consider the following Fourier series

2cosSx —1
———————— =ap+ajcosx +apcos2x + azcos3x + ay cosdx.
2cosx —1

This leads to
2cosSx = (—ap+a;+ 1)+ (2ag—aj; +ap)cosx + (a; —ar + asz) cos 2x
+ (ap — a3z + aq) cos 3x + (a3 — aq) cos 4x + a4 cos 5x.

and matching the coefficients gives

2cosS5x —1

=—1—-2cosx +2cos3x +2cosdx.
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Based on the orthogonality of the Fourier basis, the integral is calculated as

2n
I = 5‘/ (=1 =2 cosx +2cos 3x + 2 cos 4x)? dx
0
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Question 3

1/2
/ \/x2+l+\/x4+x2+1dx

-1/2

Solution We notice that

2
xtexl4l= (x2+1) 2= +x+ D2 —x+1).

2 2

Therefore, denote u = x“+x+ 1 and v = x* — x + 1, we have

1 12 12
=@/ Nu+v+2vVuydx = (Vu+v) dx
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Based on the following indefinite integral
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we can see that the function evaluation at x = 0 becomes 0, and the result is
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Question 4
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Solution With 7 = x'°, we notice that
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Based on the following Taylor expansion

we finally obtain
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Question 5

[e'e] n 2
/01 (Z LéfJ) dx (5.1)

n=1

Solution For a real number x € (0, 1), its binary representation is (see 2024 Final: Question 5)

+00
_\N' % _da1 @ ak :
x_kaZ" =St with a; € {0,1}. (5.2)

When x € (0, 1), we have i.i.d. random variables a; following the two-point distribution with equal

probability. With this representation, we have
12"x] = 2" a1 + 2" 2ar + - - - + ay, (5.3)

and the summation can be computed as

=2,
o=o m=1 m=1 n=m (54)
> .

:gxa( )+ 2B (@ a])zzyil_z (5.5)

= 0B (@) +2B (way) - 2 3= ¢ [E (@) +E(aay)]

1 1
E (arzn) =5 Elaa)) =E@)E(4) =7 (5.6)
Finally, we obtain
_ 2 g (a2 ayl =2
=2 | (a2) + B (@ay)| = =3 (5.7)



