
MIT Integration Bee: 2022 Regular Season

Question 1

∫ 100

0

⌈√
𝑥
⌉
d𝑥 (1.1)

Solution

𝐼 =

∫ 1

0
1 d𝑥 +

∫ 4

1
2 d𝑥 + · · · +

∫ 100

81
10 d𝑥 =

10∑︁
𝑘=1

𝑘
[
𝑘2 − (𝑘 − 1)2]

= 2
10∑︁
𝑘=1

𝑘2 −
10∑︁
𝑘=1

𝑘 = 715. (1.2)

Question 2

∫
ln (1 + 𝑥)

𝑥2 d𝑥 (2.1)

Solution

𝐼 = − ln (1 + 𝑥)
𝑥

+
∫

d𝑥
𝑥 (𝑥 + 1) = − ln (1 + 𝑥)

𝑥
+ ln

( 𝑥

𝑥 + 1

)
+ 𝐶. (2.2)

Question 3

∫ 𝜋
2 +1

𝜋
2 −1

cos (arcsin (arccos (sin 𝑥))) d𝑥 (3.1)

Solution

𝐼 =

∫ 1

−1
cos (arcsin 𝑡) d𝑡 =

∫ 1

−1

√︁
1 − 𝑡2 d𝑡 =

𝜋

2
. (3.2)
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Question 4

∫ 2

−2
| (𝑥 − 2) (𝑥 − 1) 𝑥 (𝑥 + 1) (𝑥 + 2) | d𝑥 (4.1)

Solution

𝐼 = 2
[∫ 1

0

(
𝑥5 − 5𝑥3 + 4𝑥

)
d𝑥 −

∫ 2

1

(
𝑥5 − 5𝑥3 + 4𝑥

)
d𝑥

]
=

19
3
. (4.2)

Question 5

∫ [
2020 sin2019 (𝑥) cos2019 (𝑥) − 8084 sin2021 (𝑥) cos2021 (𝑥)

]
d𝑥 (5.1)

Solution Note that the integrand can be written as

1
22019 sin2019 (2𝑥)

[
2020 − 2021 sin2 (2𝑥)

]
. (5.2)

Since the following integral can be evaluated as

𝐼2021 =

∫
sin2021 (2𝑥) d𝑥

= −1
2

sin2020 (2𝑥) cos (2𝑥) + 2020
∫

sin2019 (2𝑥) cos2 (2𝑥) d𝑥

= −1
2

sin2020 (2𝑥) cos (2𝑥) + 2020 (𝐼2019 − 𝐼2021) , (5.3)

for the original problem, we thus have

𝐼 =
1

22019 (2020 𝐼2019 − 2021 𝐼2021)

=
1

22020 sin2020 (2𝑥) cos (2𝑥)

= sin2020 (𝑥) cos2020 (𝑥) cos (2𝑥)

= sin2020 (𝑥) cos2022 (𝑥) − sin2022 (𝑥) cos2020 (𝑥). (5.4)
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Question 6

∫
3𝑥3 + 2𝑥2 + 1

3√
𝑥3 + 1

d𝑥 (6.1)

Solution Denote the following function

𝑓 (𝑥) =
(
𝑥3 + 1

) 2
3
=

𝑥3 + 1
3√
𝑥3 + 1

, 𝑓 ′(𝑥) = 2𝑥2

3√
𝑥3 + 1

. (6.2)

Therefore, the integrand can be written as

3𝑥3 + 2𝑥2 + 1
3√
𝑥3 + 1

= (𝑥 + 1) 𝑓 ′(𝑥) + 𝑓 (𝑥), (6.3)

which directly gives the result of the original problem

𝐼 = (𝑥 + 1) 𝑓 (𝑥) + 𝐶 = (𝑥 + 1)
(
𝑥3 + 1

) 2
3 + 𝐶. (6.4)

Question 7

∫
d𝑥

sin4 𝑥 cos4 𝑥
(7.1)

Solution Denote the following integral, and we can obtain the reduction formula

𝐼𝑛 =

∫
csc𝑛 (2𝑥) d𝑥 = 𝐼𝑛−2 −

1
2(𝑛 − 1) cot𝑛−1 (2𝑥), 𝐼2 = −1

2
cot (2𝑥). (7.2)

Hence, the original problem is solved as

𝐼 = 16 𝐼4 = −8 cot (2𝑥) − 8
3

cot3 (2𝑥) + 𝐶. (7.3)

Question 8

∫
𝑥 + sin 𝑥
1 + cos 𝑥

d𝑥 (8.1)

Solution

𝐼 =

∫
𝑥

1 + cos 𝑥
d𝑥 +

∫
tan

𝑥

2
d𝑥 =

∫
𝑥

2
sec2 𝑥

2
d𝑥 +

∫
tan

𝑥

2
d𝑥

= 𝑥 tan
𝑥

2
−

∫
tan

𝑥

2
d𝑥 +

∫
tan

𝑥

2
d𝑥 = 𝑥 tan

𝑥

2
+ 𝐶. (8.2)
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Question 9

∫
sinh3 𝑥 cosh2 𝑥 d𝑥 (9.1)

Solution

𝐼 =

∫ (
cosh2 𝑥 − 1

)
cosh2 𝑥 d (cosh 𝑥) = 1

5
cosh5 𝑥 − 1

3
cosh3 𝑥 + 𝐶. (9.2)

Question 10

∫
4𝑥 · 32𝑥

d𝑥 (10.1)

Solution Based on the following derivative pair

𝑓 (𝑥) = 32𝑥

, 𝑓 ′(𝑥) = (ln 2) (ln 3) 2𝑥 · 32𝑥

. (10.2)

the integral can be evaluated as

𝐼 =
1

(ln 2) (ln 3)

∫
2𝑥 d

(
32𝑥

)
=

2𝑥 · 32𝑥

(ln 2) (ln 3) −
1

ln 3

∫
2𝑥 · 32𝑥

d𝑥

=
2𝑥 · 32𝑥

(ln 2) (ln 3) −
32𝑥

(ln 2) (ln 3)2 + 𝐶. (10.3)

Question 11

∫
cos 𝑥 − sin 𝑥
2 + sin 2𝑥

d𝑥 (11.1)

Solution

𝐼 =

∫
cos 𝑥 − sin 𝑥

(sin 𝑥 + cos 𝑥)2 + 1
d𝑥 = arctan (sin 𝑥 + cos 𝑥) + 𝐶. (11.2)

Question 12

∫
sec2 (1 + ln 𝑥) − tan (1 + ln 𝑥)

𝑥2 d𝑥 (12.1)

Solution

𝐼 =

∫
1
𝑥

d [tan (1 + ln 𝑥)] −
∫

tan (1 + ln 𝑥)
𝑥2 d𝑥 =

tan (1 + ln 𝑥)
𝑥

+ 𝐶. (12.2)
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Question 13

∫ 1

0

√︄
1
𝑥

ln
(
1
𝑥

)
d𝑥 (13.1)

Solution Based on the following change of variable

𝑡 = −1
2

ln 𝑥, 𝑥 = 𝑒−2𝑡 , d𝑥 = −2𝑒−2𝑡 d𝑡, (13.2)

the integral becomes

𝐼 = 2
√

2
∫ +∞

0

√
𝑡𝑒−𝑡 d𝑡 = 2

√
2 Γ

(
3
2

)
=
√

2𝜋. (13.3)

Question 14

+∞∑︁
𝑛=2

∫ +∞

0

(𝑥 − 1) 𝑥𝑛
1 + 𝑥𝑛 + 𝑥𝑛+1 + 𝑥2𝑛+1 d𝑥 (14.1)

Solution

𝐼 =

+∞∑︁
𝑛=2

∫ +∞

0

(
1

𝑥𝑛 + 1
− 1
𝑥𝑛+1 + 1

)
d𝑥

=

∫ +∞

0

d𝑥
𝑥2 + 1

− lim
𝑛→∞

∫ +∞

0

d𝑥
𝑥𝑛 + 1

=
𝜋

2
− 1. (14.2)

Note that for the second term, the contribution from the interval [0, 1] needs to be considered when

evaluating the limit.

Question 15

∫ 2𝜋

0
(1 − cos 𝑥)5 cos (5𝑥) d𝑥 (15.1)

Solution We only need to find the constant term for the integrand. This is done by

(1 − cos 𝑥)5 cos (5𝑥) = 1
26

(
2 − 𝑒𝑖𝑥 − 𝑒−𝑖𝑥

)5
(
𝑒𝑖5𝑥 + 𝑒−𝑖5𝑥

)
=

1
26

(
−2 + 𝑓

(
𝑒𝑖𝑛𝑥

) )
. (15.2)

Therefore, the integral is evaluated as

𝐼 = − 1
25 · 2𝜋 = − 𝜋

16
. (15.3)
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Question 16

∫ 10

0
⌈𝑥⌉

(
max
𝑘∈N

𝑥𝑘

𝑘!

)
d𝑥 (16.1)

Solution

𝐼 =

9∑︁
𝑛=0

∫ 𝑛+1

𝑛

(𝑛 + 1) · 𝑥
𝑛

𝑛!
d𝑥 =

9∑︁
𝑛=0

(𝑛 + 1)𝑛+1 − 𝑛𝑛+1

𝑛!

=

9∑︁
𝑛=0

(𝑛 + 1)𝑛+1

𝑛!
−

8∑︁
𝑛=0

(𝑛 + 1)𝑛+1

𝑛!
=

1010

9!
. (16.2)

Question 17

∫
4 sin 𝑥 + 3 cos 𝑥
3 sin 𝑥 + 4 cos 𝑥

d𝑥 (17.1)

Solution Denote the following functions

𝑓 (𝑥) = 3 sin 𝑥 + 4 cos 𝑥, 𝑓 ′(𝑥) = −4 sin 𝑥 + 3 cos 𝑥, 𝑔(𝑥) = 4 sin 𝑥 + 3 cos 𝑥. (17.2)

Now consider

𝑔(𝑥) = 𝐴 𝑓 (𝑥) + 𝐵 𝑓 ′(𝑥), (17.3)

and we can solve the coefficients as

𝐴 =
24
25

, 𝐵 = − 7
25

, 𝐼 =

∫
𝐴 𝑓 (𝑥) + 𝐵 𝑓 ′(𝑥)

𝑓 (𝑥) d𝑥. (17.4)

The integral can thus be solved as

𝐼 =
24𝑥 − 7 ln (3 sin 𝑥 + 4 cos 𝑥)

25
+ 𝐶. (17.5)
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Question 18

∫ 1

−1

[√︃
4 − (1 + |𝑥 |)2 −

(√
3 −

√︁
4 − 𝑥2

)]
d𝑥 (18.1)

Solution Consider the graph of the integrand. It is symmetrical with respect to 𝑦-axis, and the

integral can be decomposed into a combination of circular sectors and triangles.

𝐼 = 2 ×
(
1
2
· 22 · 𝜋

6
−
√

3
2

+ 1
2
· 22 · 𝜋

3
−
√

3
2

)
= 2𝜋 − 2

√
3. (18.2)

Question 19

∫
𝑥2 sin (ln 𝑥) d𝑥 (19.1)

Solution

𝐼 =

∫
𝑥2 sin (ln 𝑥) d𝑥 =

𝑥3

3
sin (ln 𝑥) −

∫
𝑥2

3
cos (ln 𝑥) d𝑥

=
𝑥3

3
sin (ln 𝑥) − 𝑥3

9
cos (ln 𝑥) − 𝐼

9
. (19.2)

Therefore, the integral is solved as

𝐼 =
𝑥3

10
[3 sin (ln 𝑥) − cos (ln 𝑥)] + 𝐶. (19.3)

Question 20

∫ +∞

0

(
36𝑥5 − 12𝑥6 + 𝑥7

)
𝑒−𝑥 d𝑥 (20.1)

Solution Based on the following result (see 2024 Regular Season: Question 20)

𝐼𝑛 =

∫ ∞

0
𝑎𝑛 𝑥

𝑛𝑒−𝑥 d𝑥 = 𝑛! · 𝑎𝑛, (20.2)

we have

𝐼 = 36 · 5! − 12 · 6! + 7! = 6! = 720. (20.3)
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