MIT Integration Bee: 2022 Quarterfinal

Quarterfinal #1
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Question 2
/4
lim n/ tan” x dx 2.1
n—o00 0
Solution Denote the following definite integral
7T/4 T 1
I, = / tan” x dx, Iy = —, I; ==1In2. (2.2)
0 4 2
We can obtain the reduction formula as
/4 1
I, = / (seczx - 1) tan"2 x dx = . 2.3)
0 n— 1

Based on this result, we have
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Question 3

+00 xlOlO
——dx 3.1

Solution Using the following identity of the Beta function

+00 xm—l
B(m, n) = / —_dx, (3.2)
0

(1 + x)m+n

we have
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Note The Beta function is related to many types of integrals. Some examples are shown below.
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Quarterfinal #2

Question 1

/ arcsin x arccos x dx

Solution

X

V1 —x2

I = x arcsin x arccos x — /

= x arcsin x arccos x + V1 — x2 (arccos x — arcsinx) + 2x + C.

Question 2

/xs xg dx
*4

max / x7 dx
{(i}={1.2345.67} J [*2 ¢y qx

*1

Solution

I = max xe (x5 — x4) — x2 (x0 — x1)] x7.
{x1}={1,2,3,4,5,6,7}[ 6 (x5 4) 3 (02 1] x7

When (x;) = (4,2,3,1,6,5,7), we obtain the maximal value

I=[5x(6-1)-3x(2-4)]x7=31%x7=217.

Question 3

2
lim \// (1+46x —7x2 +4x3 —x*)" dx
0

n—0co
Solution Note that
l+6x -T2 +4x° —x*=—(x - D* - (x - 1)2+3
With the change of variable r = x — 1, we have
3" SInZ/ll (3-7-r) ar<23

Taking the limit, we thus obtain

lim /1, = 3.

(arccosx — arcsinx) dx
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Quarterfinal #3

Question 1
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Solution
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Question 2

Solution
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Question 3

+00 1
lim n/ sin (—) dx
n—oo 0 xn

Solution With the following change of variable

1 _1 I .1
t=—, x=tn, dx = —— 17 dr,
x" n

we have

+00 +00 .
. . I sin ¢
lim n /1, = lim ! nsmtdt:/ Tdt:
0 0
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Quarterfinal #4

Question 1

I
—x + V4 - 3x2
—dx

i

Solution With the change of variable r = V3x, we have

1 V3
3 2V3 1
/\/4—3x2dx:g/ \/4—t2dt:T\/_7r+—
0 0
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The integral can thus be computed as

I_£H+l—l_£7(
9 4 4 97
Question 2
1/2 "
lim V7 (1—3x2+x4) dx
n—oo -1/2

Solution With a change of variable r = x+/n, we have

Vin/2 32 4
lim Vn I, = lim exp nln(l——+—2) dt
n—oo n—oo —\/ﬁ/Z n n
Vi/2 32 7
= lim exp[—n-(—+—2+---)]dt
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Question 3
2022 2
1+x
/ 2 4 2022 dx
1/2022 X~ +X
Solution With a change of variable r = x~!, we have
2022 2 2022 2020 2
1+ t 1+1¢
I:/ 2 zozzdx: 2(2022)dt'
1/2022 X< +X 12022 I=+1
Therefore, the integral can be obtained as
1 2022 (1 4 2020) (1 4 ¢2 | 2022 1,52 1
I:—/ ( )( )dt:—/ dr =2022 — ——.
2 J12022 1% + 12022 2 Jipon 12 2022
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