
MIT Integration Bee: 2022 Quarterfinal

Quarterfinal #1

Question 1

∫ 2022

1

{𝑥}
𝑥

d𝑥 (1.1)

Solution

𝐼 =

2021∑︁
𝑘=1

∫ 𝑘+1

𝑘

𝑥 − 𝑘

𝑥
d𝑥 = 2021 −

2021∑︁
𝑘=1

∫ 𝑘+1

𝑘

𝑘

𝑥
d𝑥

= 2021 −
2021∑︁
𝑘=1

𝑘 [ln (𝑘 + 1) − ln 𝑘]

= 2021 − 2021 ln 2022 + ln 2021! = 2021 − ln
(
20222021

2021!

)
. (1.2)

Question 2

lim
𝑛→∞

𝑛

∫ 𝜋/4

0
tan𝑛 𝑥 d𝑥 (2.1)

Solution Denote the following definite integral

𝐼𝑛 =

∫ 𝜋/4

0
tan𝑛 𝑥 d𝑥, 𝐼0 =

𝜋

4
, 𝐼1 =

1
2

ln 2. (2.2)

We can obtain the reduction formula as

𝐼𝑛 =

∫ 𝜋/4

0

(
sec2 𝑥 − 1

)
tan𝑛−2 𝑥 d𝑥 =

1
𝑛 − 1

− 𝐼𝑛−2. (2.3)

Based on this result, we have

lim
𝑛→∞

𝑛 𝐼𝑛 = 1 − lim
𝑛→∞

𝑛 𝐼𝑛, lim
𝑛→∞

𝑛

∫ 𝜋/4

0
tan𝑛 𝑥 d𝑥 = lim

𝑛→∞
𝑛 𝐼𝑛 =

1
2
. (2.4)
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Question 3

∫ +∞

0

𝑥1010

(1 + 𝑥)2022 d𝑥 (3.1)

Solution Using the following identity of the Beta function

B(𝑚, 𝑛) =
∫ +∞

0

𝑥𝑚−1

(1 + 𝑥)𝑚+𝑛 d𝑥, (3.2)

we have

𝐼 = B(1011, 1011) = Γ2(1011)
Γ(2022) =

(1010!)2

2021!
. (3.3)

Note The Beta function is related to many types of integrals. Some examples are shown below.

B(𝑚, 𝑛) =
∫ 1

0
𝑥𝑚−1 (1 − 𝑥)𝑛−1 d𝑥 (3.4)

=

∫ +∞

0

𝑥𝑚−1

(1 + 𝑥)𝑚+𝑛 d𝑥 (3.5)

= 2
∫ 𝜋/2

0
(sin 𝜃)2𝑚−1 (cos 𝜃)2𝑛−1 d𝜃 (3.6)

= 𝛼

∫ 1

0
𝑥𝛼𝑚−1 (1 − 𝑥𝛼)𝑛−1 d𝑥. (3.7)
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Quarterfinal #2

Question 1

∫
arcsin 𝑥 arccos 𝑥 d𝑥 (4.1)

Solution

𝐼 = 𝑥 arcsin 𝑥 arccos 𝑥 −
∫

𝑥
√

1 − 𝑥2
(arccos 𝑥 − arcsin 𝑥) d𝑥

= 𝑥 arcsin 𝑥 arccos 𝑥 +
√︁

1 − 𝑥2 (arccos 𝑥 − arcsin 𝑥) + 2𝑥 + 𝐶. (4.2)

Question 2

max
{𝑥𝑖}={1,2,3,4,5,6,7}

∫ ∫ 𝑥5
𝑥4

𝑥6 d𝑥∫ 𝑥2
𝑥1

𝑥3 d𝑥
𝑥7 d𝑥 (5.1)

Solution

𝐼 = max
{𝑥𝑖}={1,2,3,4,5,6,7}

[𝑥6 (𝑥5 − 𝑥4) − 𝑥3 (𝑥2 − 𝑥1)] 𝑥7. (5.2)

When (𝑥𝑖) = (4, 2, 3, 1, 6, 5, 7), we obtain the maximal value

𝐼 = [5 × (6 − 1) − 3 × (2 − 4)] × 7 = 31 × 7 = 217. (5.3)

Question 3

lim
𝑛→∞

𝑛

√︄∫ 2

0

(
1 + 6𝑥 − 7𝑥2 + 4𝑥3 − 𝑥4)𝑛 d𝑥 (6.1)

Solution Note that

1 + 6𝑥 − 7𝑥2 + 4𝑥3 − 𝑥4 = − (𝑥 − 1)4 − (𝑥 − 1)2 + 3 (6.2)

With the change of variable 𝑡 = 𝑥 − 1, we have

3𝑛 ≤ 𝐼𝑛 =

∫ 1

−1

(
3 − 𝑡2 − 𝑡4

)𝑛
d𝑡 ≤ 2 · 3𝑛. (6.3)

Taking the limit, we thus obtain

lim
𝑛→∞

𝑛
√︁
𝐼𝑛 = 3. (6.4)
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Quarterfinal #3

Question 1

∫ 1

0

𝑥4
√

1 − 𝑥
d𝑥 (7.1)

Solution

𝐼 = B
(
5,

1
2

)
=

4! ×
√
𝜋

9
2 · 7

2 · 5
2 · 3

2 · 1
2
√
𝜋
=

256
315

. (7.2)

Question 2

∫ +∞

0

⌈
1

⌈𝑥⌉ − 𝑥

⌉−⌈𝑥⌉
d𝑥 (8.1)

Solution

𝐼 =

∞∑︁
𝑘=1

∫ 1

0

⌈
1

1 − 𝑥

⌉−𝑘
d𝑥 =

∞∑︁
𝑘=1

∞∑︁
𝑛=2

(
1

𝑛 − 1
− 1
𝑛

)
· 1
𝑛𝑘

=

∞∑︁
𝑛=2

(
1

𝑛 − 1
− 1
𝑛

)
· 1
𝑛 − 1

=

∞∑︁
𝑛=1

1
𝑛2 −

∞∑︁
𝑛=1

1
𝑛 (𝑛 + 1) =

𝜋2

6
− 1. (8.2)

Question 3

lim
𝑛→∞

𝑛

∫ +∞

0
sin

(
1
𝑥𝑛

)
d𝑥 (9.1)

Solution With the following change of variable

𝑡 =
1
𝑥𝑛

, 𝑥 = 𝑡−
1
𝑛 , d𝑥 = −1

𝑛
𝑡−1− 1

𝑛 d𝑡, (9.2)

we have

lim
𝑛→∞

𝑛 𝐼𝑛 = lim
𝑛→∞

∫ +∞

0
𝑡−1− 1

𝑛 sin 𝑡 d𝑡 =
∫ +∞

0

sin 𝑡
𝑡

d𝑡 =
𝜋

2
. (9.3)

4



Quarterfinal #4

Question 1

∫ 1

0

−𝑥 +
√

4 − 3𝑥2

2
d𝑥 (10.1)

Solution With the change of variable 𝑡 =
√

3𝑥, we have∫ 1

0

√︁
4 − 3𝑥2 d𝑥 =

√
3

3

∫ √
3

0

√︁
4 − 𝑡2 d𝑡 =

2
√

3
9

𝜋 + 1
2
. (10.2)

The integral can thus be computed as

𝐼 =

√
3

9
𝜋 + 1

4
− 1

4
=

√
3

9
𝜋. (10.3)

Question 2

lim
𝑛→∞

√
𝑛

∫ 1/2

−1/2

(
1 − 3𝑥2 + 𝑥4

)𝑛
d𝑥 (11.1)

Solution With a change of variable 𝑡 = 𝑥
√
𝑛, we have

lim
𝑛→∞

√
𝑛 𝐼𝑛 = lim

𝑛→∞

∫ √
𝑛/2

−
√
𝑛/2

exp
[
𝑛 ln

(
1 − 3𝑡2

𝑛
+ 𝑡4

𝑛2

)]
d𝑡

= lim
𝑛→∞

∫ √
𝑛/2

−
√
𝑛/2

exp
[
−𝑛 ·

(
3𝑡2

𝑛
+ 7𝑡4

2𝑛2 + · · ·
)]

d𝑡

=

∫ +∞

−∞
𝑒−3𝑡2 d𝑡 =

√︂
𝜋

3
. (11.2)

Question 3

∫ 2022

1/2022

1 + 𝑥2

𝑥2 + 𝑥2022 d𝑥 (12.1)

Solution With a change of variable 𝑡 = 𝑥−1, we have

𝐼 =

∫ 2022

1/2022

1 + 𝑥2

𝑥2 + 𝑥2022 d𝑥 =

∫ 2022

1/2022

𝑡2020 (1 + 𝑡2
)

𝑡2 + 𝑡2022 d𝑡. (12.2)

Therefore, the integral can be obtained as

𝐼 =
1
2

∫ 2022

1/2022

(
1 + 𝑡2020) (1 + 𝑡2

)
𝑡2 + 𝑡2022 d𝑡 =

1
2

∫ 2022

1/2022

1 + 𝑡2

𝑡2
d𝑡 = 2022 − 1

2022
. (12.3)
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